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PKEFACE. 



The Differential and the Integral Calculus have heen eata- 
li'tshed upon entirely different axioms and definitions by the 
sevei'al founders of those sciences. The primary ideas of 
iiilinitesimals, fluxions, and exhaustions, though their results 
coincide, for the simple reason that all pure truth is con- 
sistent with itself, are widely diverse in their abstract nature. 
In writing, therefore, on the principles of either Calculus, a 
diiSculty presents itself in the rocessity of electing between 
systems, each of which has the sanction of high authority 
and peculiar intrinsic merits. 

This consideration is of especial importance in a " Rudi- 
mentary Treatise," which cannot, of course, fulfil the pro- 
fession of its title without singleness and simplicity of its 
fundamental ideas, and an exactness of thought and language 
often very difficult of attainment. The choice of methods 
in the present work has been determined partly by historical 
considerations. The discoverers of new truths usually search 
■ lifter them by the simplest and most familiar considerations; 
and it seems natural to presume that, as far at least as 
abstract principles are coiKerned, the way of discoveiy is the 
easiest way of instruction 

The ongmal idea upon vihieh Ne«ton baaed the system of 
fluxions, regarded a diff'erential coefficient as the rate of 
increase of a function The idea upon which Leibnitz and 
the Beruouilhs established the Integial Calculus, regarded 
an iiitegnl as the limit of the summation of an indefinite 
numbei of indeDnittlj diminiihing quantities The facility 
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with which the idea of " rate " may be conceived and applied 
to the science of which Newton was the great founder, and the 
Bimilar advantages of the idea of summation in the Integral 
Calculus, determined the selection of the first idea as ilio 
basis of the "Manual of the Differential Calculus" by the 
present writer, and the second as the basis of the present 
treatise. 

The value and importance of what is termed hy Professor 
De Morgan the " summatory" definition of integration, has 
been insisted upon bj hira and others of the most eminent 
modern mathematiLians , but the present is probably an almost 
solitary attempt to e'^tiblish the Integral Calculus on thbi 
definition exi,lusnely Throughout the entire range of the 
practical applications of the Integral Calculus — to Ceometrv 
Mechanics, &c. — the d f siin mat 1 1> a dun e sall> 

applied. The rival d fin t f the lut g al Cal lus — as 
the inverse of the Diffe nt al Gal ulu — has a me ly la 
live signification, and t! ef se t al only n a 

lytical investigations f tl e lat s of the t n 

But whatever system be adopted for estjblishmg eithei 
calculus must of necessity involve the idea of limits Jiud 
limiting values. An unreasonable reluctance has been siinie- 
times exhibited in adopting this idea in elementary treatises, 
whereas that it is one by no means difficult to be conceived is 
shewn by its adoption in the first ages of mathematics. By 
far greater difficulties have arisen from the shifts to which 
resort has been had to evade it in theorems of which 
demonstrations without it are necessarily illogical. 

The idea of limits occurs, or ought to occur, much earlier 
in the study of exact science than is generally allowed. 
This idea is essentially involved in Arithmetic, Euclid, and 
Algebra. The laws of operation with recurring decimals 
and surds cannot be accnrately established without limits — 

for iu what sense is the fraction ^ equal to '3333 or 

■^a equal to another interminable decimal, except as the 
liraits of the two iufmite convergent series represented by 
the decimals? Euclid's deflcition of equality of ratios 
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(Book v., Def. V.), is made to include incommeiisurablo 
ratios by considerations dependent on tbe method of limits, 
wliith als.0 ocLurs repeatedlj m Book XII. In Algebra, 
as the present wnter has cndeaiouied to shew elsewhere 
(Cambndqe MathemaUcai Journal Feb , 1853), an exact 
dtmonstration of the Bmomial Theorem must involve the 
method of limits The &ame remaik applies to the operation 
of equating indeterminate coefficients and the theorem a° = l. 
Neglect of these eoosiderations involves the writers of some 
treatises in obscurities, errors, and inconsistencies, which 
bring to remembrance the supposed common origin of the 
ivords "gibberish" and " algebra."* 

Throughout the present work, the language of infinites 
and infinitely small quantities has been carefully avoided, 
partly because they cannot, except by an inaccuracy of lan- 
guage, be spoken of as really existing magnitudes which may 
be subjected to analytical operations, partly because the 
language of the method of lioiits is equally concise, and is, 
moreover, exact. 

That infinity has a real existence must he admitted; for let 
us conceive any distaace, however great, such that the remotest 
known star is comparatively near; we cannot say that space 
terminates at that distance. What is beyond the boundaiy? 
A void, perhaps, but etill s^iace; so that unless we can 
conceive the existence of a boundary which includes all space 
within it, and to which no space is external, we are forced 
to admit tlie existence of infinite space. But this admission 
is altogether different from that which subjects infinity to 
mathematical operations. How is the infinity thus operated 
upon to be defined? As a magnitude tlian which none other 
is greater? But by hypothesis it is the subject of analytical 

' Algebra.—" Soms, however, derive it from various other Arabic words, 
as from Geber, a celebrated philosopher, chemist, and raathemstician, to 
whom they aiciibe the inventioa of Ihia acienc*." — Himim'> Mathematical 
IHelionary. Gibberiih.^" It is probalilj derived from the chemical ciiit, 
and originaJly implied the jargon of Qebec and hi* tribe," — Jok'Ktait's 
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operations and theiefoic of addition Vdd tliercfuie some 
quautitj the lesult is greater than tins infinity or tlie 
definition is contradictel The truth is that als InW' in 
finity aucli as tlie infinity of space cannot be intelligiblv 
conceived on tbe supposition tliit anything can be atdei 
to It 

"similar cousi leratni = apply to infinitelj small quantities 
There is no difficulty in seeing that of any Innd of inag 
uitude tbe paits mty le liminished infinitely for however 
sLiall a put le tikeu it maj Je divided and thus bmalier 
pait are tal en If then an n finitesiniil qumtity the 
sulject of anal^tital operation le defined to be a leal quan 
tit\ less thin tny other the dehnition may le leadily shettr 
to be inconsistent wiih itself 

Vihen therefore mfinitesimils in ) mfimty lie introduce 1 
into mathematical opeiations they ought to be regiided not 
as having an absolute e'^tisteiice but merelj as the means of 
expiessmg the liiiuis to nhich results approacii as juautitiea 
in them aie continuilly incieased or diminished 

M Couniot n his admirable treatise Des F ftto s et 
du Ctdrntl Infimteum il (Pans 1841) asserts mteei that 
the infinitesimal method does not meiely constitute an lu 
geiious artifice that it is the e^piession of the natural 
mode of generation of phieicil magnitudes win h mciease 
bj elempnts smal!t,i thin ^nj hinte magnitude But he 
does not appear to have anjuhere dehned \\hat he undei 
stands by elements smaller than any hnite magnii lies and 
without such a definition it is impossible to iniesjtigatt his 
pioposition accui-ately If the woids of it be interpreted 
literalh it appeals to leal to this dilemma if th( elements 
be not magnitudeg the addition of them produ'"<'s no in 
ciease — if they be magaitule they cannot be le=s tlian an\ 
finite mignitude for being migmtudes they mi j 1 p divided 
into less magnitudes 

With lefject to the method of limits W Courn t is t 
opinion that q le^ti ns must occur in which it is i oeesary 
to rpaounce this method and to substitute for it in ]anguaj,e 
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aud ill calnulatioiis the emplojrneiit of infinitely small quan- 
tities of different orders. He lias not, however, specified any 
instance iu which the substitution in question is required. 

The following demonstrations do not refer directly or 
indirectly to different orders of small quantities, nor, indeed, 
to small quantities at all ; for the use of the term " small," 
in an absolute sense, in mathematics, is objectionable on 
account of its inexactness. The limit where greatness ceases 
and smallness begins cannot be distinguished. Hence, though 
one quantity may be accurately said to be smaller than another, 
the former cannot with perfect exactness he said to be neces- 
sarily and absolutely small with respect to the latter. 

The exclusive adherence to the "summatory" definition 
of the Integral Calculus has rendered it necessary to presput 
the greatei pait of the folbwmg propositions m a new f ini 
and biarcely anything here gnen (except the Insttiicil 
notices) 1 compiled fiom analogous treatises The fit t 
seition contuns a popular exposition of the Integral C il 
cuius ani the second a brief account of its history ccm 
pded fiom one or two eTclop-edias ind dictionaries Tht, 
two Icllomng sections are probably m a gieit measuie new 
as in them the general prinriples of integration and the 
integration of the fundamental functions are denied Irom 
the definition ahu\e refeired to Ihe thiee shoit sections 
which succeed contain nothing on^iiial but the eighth on 
Rational J rootions is almost entirely newlj written The 
ordinaiy demonstration of the possibility of reoolvmg a 
rational fraction into partial fiactions pioceeds by the method 
(f equitin^ coefficients tnd is dt,fectiie m this reapoLt — 
tliat It neglects to shen li jhom that the assumed co- 
effiuents have au> reil existenie and that the equabons 
determining them do njt gne impussible oi inconsistent 
results. 

To the kindness of Pkofessob Db Mohgan. of Uniyersity 
College, London, the Author is indebted for an exact de- 
monstration of the existence of partial fractions correspond- 
ing to rational fractions, with denominators resolvable 
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INTEGRAL CALCULUS. 



i.ESERAr, ACCOUMT c 



]. Amongst the mo3t important uses of the Integral Calculus 
are its applications to the measurement of the lengths of 
curves, the areas of curvilinear figures, the contents of solids 
contained by curved sui-faces, and the effects of forces. This 
Calculus is required in the most impoitant investigations in 
every branch of the esact sciences. 

2. The names of tlie Integral and Differential Calculus 
sufficiently indicate the distinction between them. The In- 
tegnil Calculus deteraiines the whole sum or integral magni- 
tude of a quantity of which the differential parts are given 
The Differential Calculus, on the contrary-, investigates the 
relations of the differential parts of a quantity of which the 
integral magnitude is given. 

n. The process of Integration is therefore the inverse of 
Differentiation ; in the same way as Subti-action is the in- 
Terse of Addition, Division the invei-se of Multiplication 
Evolution the inverse of Involution. But in the same sense 
tliat Integration is the inverse of Differentiation, the latter 
operation is the inverse of tlie former. As, therefore, the 
Ilifferential Calculus is defined and investigated irrespectively 
of the Integral, so majr also the Integral independently of 
the Differential. It is an unnecessarily restricted view 
which regards the Integral Calculus as a dependent science 
Throughout the following pages its rules will be indepen- 
dently demonstrated; though the close relation between the 
„wo Calculi requires careful considemtion, for the sake of its 
111(1 in comprehending both subjects, its siiggestiveness in 
-mestigation, and its test of results by inverse operation. 
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4. It was baid above, that the Integral Calculus determine- 
the integral magnitude of a qMntity from its differential pai' l^ 
Now of couiNC this indu-eet method of measurement would 
not he usually resovted to, if a more direct were practii'aM-.. 
But there aro iimumerahle cases in which direct measoi-euieut 
is impracticalile. The measui-ement of the lengths of lines 
affords a simple illustration. If the lines be straight, thu 
-nethod of iiiwisuring them is obiious and direct. It consisf; 
in successive applications of a Htrait;ht "rule" or atandurd 
of a unit of length (a yard, metre, ell, &•:), along the straigiji, 
line to be m< asured, and ascertaining lu.w many times it, Mn- 
taius the uiiit and known parts of it. But if the line fu 
be measured be a cun-e, no such application of a straight 
" rule" can be perfoi-med; it will coincide with the cuvv .01 
no portion of it, however small, 

6. A rough way of effecting the required measurement 
is, however, readily suggested. A number of points may 
bo orbiti-arilv taken in the curve, and be joined, or be sup- 




posed to be .joined, by dott d lint Thr' 1 if tl t^e ch I 
be measured, their total length is an aipiOMmate mca^u r 
of the length of the cune 

It was long ago peicer\ed that bv dimim,liiii^ the 
lengths of the chords, and mcicasmg then numbet the ap 
proximation became closet and cIobpi \n imj lovement m 
the method was effected ly drawing fiom the evtremiHes and 
intermediate points of the curve, tangents meeting each otbei 
at points in the convex side of the cun-e as ni the following 
diagram. If the curve be such that tho tangent, at any 
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pninf. of it, cannot meet it at any other point, tlie total 
leugdis of these tangents is less than the length of the 
curve. In this way the length of the curve, though it could 
nil hf! exactly determined, might at any I'ate be ascertained 
to W less than one, and gi-eater tlian another, of two quaii- 
'itie&; whidi migla he made to differ hy a quantity less and 



Ipm is the numbpr of choids and tangents v 

Si that the eiioi f the approximation would be determmed 
w thm closer and ibsei extiemes as the gpometer expended 
m re and more 1 il our on the mensmalion It is clear 
h \e^er that the length of the cune has some exact value 
v.\ ^i) IS the iiiEiT of the opeiations alf\e evplamed and 
t < d iCOTerj ot tliat e\ai,t limit is tin. lohitton ff a 2 robkm 
0/ till Integtal Oahulua 

" Again theareaof anyphnecuivihneailigtrt lacertainly 
greatfci than that of aiij poljgon of straight sides luscuhed 
in it, and less than that of any such polygon circumscribed. 
By increasing the numbers of sides of the circumscribed and 
in»-cribed polygons, their areas are made to differ less and 
less. The ai'ea of the curvilinear figure lying between them 
ruiiy ilms be determined vrithin any degree of approximation. 

For instance, le' the area ACB be included by a curve AB, 
and two straight hues, AC, CB, at right angles to each other. 
It requires little siionce to perceive tiiat one of tJie readiest 
ways of roughly mensuring this area, ia to divide it into portions 
by lines parallel ti AC, but not necessarily equidistant, and 
to compute the area of each such portion as if it were a rect- 
angle. Tet this inetjiod would give the area of the flguro 
houhded not by the curve- but by the zigzag dotted line 
B 9 
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within ov without the figure. Tlie JifTereueo between the two 
rectilinear figures hounded hy tlie tnu zigiiag lines may be 
reduced by increasinR the number and diminishing the areaf- 
of the rectnugles. 11ms, the curvilinear area may ho dtt-T- 



miiied within a margin of en-or which may bo diminished ai 
pleasure. This process for determining areas is called tlu 
Metliod of (JuADRATUEES. 

8. It may happen that this method of approximation sug- 
gests the limit to which it tends. The Integral Calculus 
differs from tlie preceding method only in that it substitute! 
ahaolute exactness for mere approximation. The curvjiii^^ai 
figure must liave some exact ai'ea which is the limit of t n 
results of the above operations. If, therefore, that limit ma\ 
be inferred from them, they lead to the solution of a }»-ohlfi>i 
of the InUoral Calculus. 

9. Agaii-, one of the most frequent problems of Dynamics 
is to ascertiiiii the distance passed over in a giveu time by 
a point moving with con tiuualij- varying velocity. If the 
point were moving with uniform velocity, the distance de- 
scribed by it in any time could be immeilialely ascertained. 
The approximation to the distance described by a vaiying 
velocity is analogous to the approximations above described, 
and consists in supposing the velocity to change not conti- 
nuously but after intervals, and remain uniform during each 
interval. The diorter the iatenals. the more nearly does the 
distance computed ou this supposition approximate to the 
real distance described, Let the distances he computed on 
the hypotheses, first, that the point retains throughout 
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each ui the intervals into n'liich its motion is hypothetical ly 
divided, the velocity it actually has at the commencement of 
that interval; secondly, that the point has throughout each 
interval the velocity it actually has at the termination of that 
inten-al. The first hypothesis evidently gives the distance 
traversed too small; the second hypothesis too large, if the 
velocity be a continuously-increasing one. By diminishing 
the hypothetical intervals, the error of approximation is re- 
duced; and if the limit to which these operations lead can be 
found, the result is the solution of a problem of the Integral 
Valcidns. 

iO. The principle on which all the above cases depend, 
•nay Vie stated generally thus ■ — A quantity is to be measured 
which can t b mm d t Ij rap d th tl of mea- 

surement, Tl q t ty tl f d d d several 

parts, and t t d f 1 f th tl t t exceeds 

one, and fUhtf tl It q tt m asnrable 
by tlie gi t Th f th t f measur- 

able quantit th g t th tl I than the 

whole quantity to be measuied. 

This process has been continually practised by the most 
unskilful as well as the most skilful computers. It is applied 
in innumerable cases in the ordinary avocations of life. The 
science which from this kind of approximation extracts 
rigorous and exact truth, is the Integeal Calcdlus. 

The foregoing remarks will probably suffice to show the 
student what kind of reasoning may be expected to engage his 
fttfention in this subject. They serve also to render intelli- 
gible the following slight sketch of its history. 



y Google 



SECTION Tr. 

iJAKJ-Y niSTOKY OV THE INTEGRAL LALCt:H's. 

Pythagor.\.s, bom about 590 B.C., died about -iOT u.o, Xlio 
histoiy of bis iiiiitbematical discoveries rests generally on uo 
higher autboi-ity than that of tradition. The discovery of tho 
quadrature of the parabola has been ascribed to him, a-^ up- 
peai's from the following passnge in Dr. Huttou's Matin!- 
niatical Dictionary. In reference to the theorem thai, ihu 
square on the hypotbenuse of a light-angled triangle is pqual 
to the sum of the squares on the sides, it is remarked, iliat 
" Plutarch even doubts whether such a sacrifice was mudo 
for the said theorem, or even for the area of the Pax-ubuk, 
which it was said Pythagoras also found out." 

EirciJD, who lived about 280 e.g., and about 50 years befure 
Archimedes, showed, in his lOtli Book, that the areas of tho 
Circle and Polygon inscribed in it are ultimately equal. Ho 
demonstrated that the area of the circle is equal to hall' iha 
iecL.in^le t,ontained by the ladius and cutumftiei te and ti u& 
found out a pioblem of Integiatioa His method is kuj m 
as the methol of hjfhaiislions The flrst pioposition ol ilio 
1 0th Book aaseita that if from the giedtei of two ^i\ n 
quantatieo le taken moie than its lialf fiom the resultiug 
lemaindor moio than its half and so on continually i re 
will remain at last a quantitj less than eithei ot the ^i •■n 
quantities By this leaioniug the difference betwee 1 e 
cirL.le and polygon la e\hausted and the ircle becomes liti 
mately equal to the pohgon 

AiM-HiMEDEs i\ho lived alout 2)0 ec inveati^itel il n 
ratio of the cireumfeience of a circle to its dnmelei lU 
cilcuHting the length of the pen] liety of a en u c I 
Iioli„on of 193siles and an inscribed pol\gon o II ! 
he found that th ci cimfeieiice of the ciicle i^ \ n 

8J" and 3,^ of the diameter He left a tieatse ci t e 
Sp!iil«hicti now bears his name and determined the [i 
tion of the <nea bouiidfd b^ that cnne to th^t of th i 
fuiiaciilcl ciidr To ircbimolps is itti btted th q 1 i 
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THrc of the parabola, i\-li)ch discovery, howev 

aViove, has beon assigneil to Pythagoras also. 

a portion of a parabola, O 

its vertex, OB a part of its '• 

axis, and AB a straight lino 

at Tjght angles to it. The 

proposition in question, 

which is interesting irora 

its antiquity and intrinsic 

importance, asserts that the 

ai'ea AOB is two-thirds of 

the rectongle ACOB. The 

student may easily ascertain 

after reading the following 




pages, that this result is equivalent to the integi-ation of a 
fuEClion of the form cal^, where c is constant and .v variable, 

Archimedes showed in his treatise risjl Sipai^wj r.aX x.^T^LSpov, 
that the content of a sphere is two-thirds of that of the 
cylinder which just contains it ; that the surface of a sphere 
is four times as great as that of one of its great circles, &c. 

CoKON, a contemporary of Archimedes, is said to have 
invented the spiral which bears the name of the latter, and 
to have proposed to him problems respecting it, which were 
solved by him. 

rwprs, who lived towards the end of the fourth century 
(abuut A.D. 380), demonstrated some of the principal pro- 
perties of the same spiral, by adding together an indetinite 
number of parallelograms and cylinders, into which he sup- 
posed a tiiangle and cokq ultimately divided. Pappus also 
yEive in the preface to his 7th Book, tlie emtroharic method 
(if determining the content and superficies of a solid of revo- 
lution in terms of the dimensions of the generating figure, 
and the position of its centre of gi'avity. The theorems of 
the centrobaric method discovered by Pappus, frequently are 
.lidled Guldin's properties, from a much later mathematician, 
I'juhlini, by whom they were demonstrated. 

LiALiLEo, horn 16B4, died 1642, proved that a body 
moving in a straight line with a constant acceleration, such 
Fs that produced by gravity, describes in any time from the 
commencement of the motion a distance proportional to tliat 
lime. He thence showed tliat the path of a projectile is a 
parabola, Tho determination of the distance described by a 
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coDskBtly-accelerated point depemls iiecessarilj- on tlie pirn- 
oiples of the Integral Calculus, as explained in Article 9. 

ToRRicELLi, bom 1608, died 1G47, was a dasciple of Ui 
lileo, and wrote a treatise De Dlmeimone ParaboliB with 
appendix Dfl Dimensione Cydoidis. Dr. Hutton sajs thn 
Torricelli "first shewed that the cjcloidal space is equal to 
triple the generating circle (though Pascal contends that 
Robervfj shewed this) ; also, that the solid generated b^ 1 
rotation of that space about its base, is to the cucumsonb ug 
cylinder as 5 to 8 : about the tangent pai-allel to the base, is 
7 to 8 ; about the tangent parallel to the axis, as 3 to 4," h\ 
(See Descartes.) 

Catalieki, a disciple of Galileo, and friend of Tomcelli. 
published in 1035, Oeometi-ia Indivisihilibm coniiiixtorniii. 
novd quddam ratione promota, 4to,, Bononiie. This woi'k, 
which obtained for the author the credit in Italy of inventing 
the Infinitesimal Calculus, proceeds by division of geometrical 
figures into indefinitely small parts. 

EoBERVAi., in 1646, determined the centres of percussion 
and centres of gravity of sectors of cylindere and circles, &<:.. 
by methods equivalent to Integration. From the letters of 
Descartes, it appears that these discoveries were eul^iects of 
controversy between him and Eoberval. Eoben-al's Treatise 
on Indivisibles, appeai-ed in 1666, in the Jlemoirs of tlie 
Academy of Sciences at Paris. 

Descabteh. bom 1506, died 1650, determined the centres 
of gravity and centres of oscillatiori of various curvilinear 
figures. His method of demonstrating the proposition re- 
specting the cj'cloid, referred to in the preceding notict^ of 
Torricelli, is an excellent instance of the geometrical investi- 
gation of the quadrature of curves. The following is an 
extract from a letter from him to father Mersenne, in Iti^'-S 
(Lettres de Descartes, tflme iii. page 384, Paris, 1667.) 

" You commence by an invention of Monsieui' de Eobenul, 
respecting the space included by the curve described hy ». 
point of the circumference of a circle supposed to roll on a 
plane; with respect to which, T acknowledge that I have 
never before thought of it, and that the observation of it is 
pretty enough. But I do not see that there is reason to 
maie so much noise at having found a thing which i^ s', 
easy, and which any one who knew ever so little of geometry 
eoa'ld not fail to find if he sought for it. For if ADC l.e 
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tliis ourvc, iuid AC a stmiglit line equal to the circumference 
of the CJUle 8TVX, having divided tliis line AC into 3. 4 
S. Ac. equal parts, by the points B, G, H, N, O, P, Q, &c., it 




IS evidi'ut that the peqiendicukr BD is equal to tlie diameter 
of the cirele, imd that the whole area of the rectilinear 
triangle Anc is double of thig circle*. Then, taking E for 
the point where (he same circle would touch the curve AED, 
jf It were placed on its base at the point G, and taking also 
F for the point where it toucbes this curve, when it is placed 
on the point H of its base, it is evident that the two 
rectilineal triangles AED and DFC are equal to the square 
STVX inscribed in the circle. Similarly, taking the points 
I, K, I., jM for those where the cu-cJe touches the curve when 
It touches its base at the points N, 0, P, Q, it is evident 
Ihat ihe four triangles AIB, EKD, DLF, and FMC are 
together .'qual to the four- isosceles triangles inscribed in the 
circle SVT. TZV, VIX, and XQS; and that the eight other 
triangles mscribed in the curve on the sides of these four 
are equal to the eight inscribed in the circle, and so on to 
infinity ; whence it appears that the whole area of the two 
segments of the cur™, which have AD and DC for bases, is 
equal to that of the cii-cle ; and, consequently, the whole area 
.■ontained between the cui-ve ADC and the -itjaigbt Ime AC 
is triple that of the cirele." 

Gregotsy (St. Vincent) of Bruges, published m 16 17 
Oj>ua Geonutnoum Quadrature Circidi et Sectionum Com'. 
He showed that the space between a hypeihola and its 
asymptote is divided into equal portions by straight lines, 
which divide the asymptote into parts in geometncai pro- 
fjression, and which are parallel to the other asymptote 

Fermat. who died 1663, was author of a "Method for 
Quadrature of all sorts of Parabolas," and a treatise on 



* By :i property of tlie circle incntioned in tha ii< 



■■ of Euciid. 
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Maxima a„i Minima, in iliich ptoMjms couceming tke 
centres of gi-avity of aoHds are solved by a meliroa re- 
sembling Newtorr's Fluxions. , , a 
Hm-OCTB, in 1C51, publisbed Iliromimla it QmdraUrS 
Hmrfote, ElUfn, .1 OeirS a JoM Portio»m» Gr.vUal.. 
cSro; and in 1C58, at tbo Hagne, Irrs eelebrated H<»"!»- 
riium OsciUmritm siw de mom Penditlorum, m wlncb he 
states tbat be ™ the first discoverer that a certatn segment 
of tbe cyoloid is eqrml to a tegnlar hexagon uijmbed m the 
oeneratliig circle. He shovved tbat tbe time of oscillation ot 
the cjcbidal pendnlnm is independent of tbe extent ol vi- 
btation, and frao the principles of tbe pendnlnm measnred 
the effect ot gravity, by ivbicb be .bowed that a body 
descended vertically from rest in vacuo, m the latitude ot 
Pmis, 15 French feet in one second. _ 

Wallis, in 1655, publisbed bis AnClmetim h,fimUrmii,B. 
meat improvement on tbe Indivisibles ot Oavalieri. Wallis 
treats of ouadratures, and gives the first expression for the 
quadtaturo of « cii-cle by an infinite senes m this vvorii, 
' in which," says Professor De Morgan, " a large number 
of problems ot the Integral Calculus is solved, and which 
contained moro_liints for future discovery than any other 
work of its day. . , t . -i 

Nnii, in 16r.r, made a remarkable step in the Integral 
Calculus. He appears to have been tbe first person wio 
determined tlio exact length ot ,».v curve, ^al .., in bis 
Treatise on tbo Cissoid, states tbat Neol s rectification of the 
semi-cubical parabola was published in July or August. lOoT. 
Tai. Haobdt, ih Holland, in 1659, also gave Sie rectifi- 
cation of the semi-cubical parabola, as appears from Schooten s 
Commentary on Descartes' Geometry. ,- , «- 

Gaiooai (Jam.!) publisbed, in 1607,, F.r« Cirenli .1 By- 
V„M» Qiml'Olwc to wbieb he added in the year follo.™g 
amtiKlria: Pur, Paicmoiii. ot wbieb the method resembles 
that ot Eoberval's Indivisibles. ,, , j , ,r i 

Dr BAimow in 1«70, published his Method of Tangents. 
Ho died in 1677, and ths year following appeared Ms demon- 
strations of Arcbimedes' properties of the Sphere and Cy- 
linder, by the method of Indivisibles. 

LiiBKiTZ, in ir.81, gave in tbo Leipsio Transactions an 
account ot hi. Differential Caleulus. It is agreed that this 
was tbe firet time that this grand discovery appeared in pymt: 
though in tbe celebiated controversy which arose as to his 
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lain t tiejnuitj ol tl 3 vention, a CommiUee of the 
r (al So tj de ded tl t Sir I. Neivtoii had eveu jn- 

nt d h a metlod lefore 1CC9." The general opinioa of 
mode ■> nathemat c am appei •& to concede to Leibnitz the 
me t ol a udependent discovery, and to exempt him from 
he harge of plagiar sm 

GrcijORT (David) i hlished, in 1084, Exercitalio GeO' 

t t d D e s^nei iju a m. 

■McnTOh published h P cpia in 1687, the most memo- 
abl p thereto e i the ai a-xh of science. The doctrine 
of 1 00 oe ed a 1 ippl ed in the earliest periods of 

all n c 1 esea ch had been rapidly growing in import- 

co I t me of Newton a id Leibnitz. The great step 
n ade by hen eons st 1 connecting the idea of limits with 

jpcl notatou a 1 n ere ting into a regular system a 

1 ch befo e tl e t me had been exhibited only 

1 1 tleoreus A large part of the results of the 

i ^ a are den oust atel b^ geometrical methods eriuiva- 

le r eg-atio Nentons Method of Fluxions was first 

[ bl sh d n 1704 subjo ned to hia treatise on Optics, 

MuBcAroii (Nicholas), lu 1688, published bis Logaritk- 
moterhuia, and is stated to have been the first person who 
ever inve litigated the quadrature of curves anahjtieally. This 
he did ii) a Demonstration of Lord Brouncher's Quadrature 
of thfi Hyperbola, by Wallis's method of reducing an alge- 
braifiii! friu;tion to an infinite series by division. 

By the English contemporaries of Newton, the Integral 
Cidoulus, a Differential CoefBoient, and an Integiiil, were 
called the Invei-se Method of Fluxions, a Fluxion, and a 
Fluent respectively. The notation and phraseology of fluxions 
is now almost obsolete. The methods of Exhaustions, Prime 
and Uliiraate Ratios, Infinitesimals, Indivisibles, Residual 
Analysis, Analysis of Derivations or Derived Functions, and 
of Limits, are different appellations which the same subject 
has at different times received. 

From the time of Newton and Leibnitz the Integral Cal- 
culus rapidly advanced. Its progress was in a great degree 
due to John and James Beruouilli, who published a large 
number of memoirs on the subject; to Maclaurin, whose 
Iluxions appeared in 1743; to Cotes, whose Haj-monia Men- 
siiromiii appeared in 1732; to DAlembert,who gave Memoirs 
on the Calculus in the Pai'is and Berlin Memoirs; and to 
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Euler's great work, Imtilutio Caleuli Integralis. Peti". 1768, 
3 vols. 4to. 

The analytical pait of the Integral Calculus consists in 
reducing integrals to foi-nis hy which their numerical values 
may he computed. This computation is usually facilitated 
hy the common mathematical tahles of sines, cosines, logtt- 
vithms, &c. But many integrals cannot be found hy these 
tahles. In order to compute such integrals, otlier tahles 
have heen constnicted, of which the piincipal ave called 
Tables of Elliptic Inter/mis, from their relation to the length 
of elliptic arcs. 

Fagnano, in liis Produsione Mateiiiatiche, 1730, invesfi- 
gated a remai'lvahle theorem respecting these ares, which 
bears his name, and shows how the length of two arcs may 
he talteu so as to differ hy an assigned algebraical quantity. 

Edler gave to the world some of the most important dis- 
coveries which constitute the basis of this branch of the In- 
tegral Calculus. In 1701 he published, in the Petei-shurgh 
Transactions, the complete integration of an equation in- 
volving two terms, each an elliptic function not separately 
integrable. Euler also invented the class of integrals which 
ai-e known as Ealerian Integrals. 

Landen, in 1775, published his theorem showing tliat any 
arc of a liyperliola may be measured by two arcs of an 
ellipse. 

Lagrange's Memoii-s in the Turin Transactions, in 1781 
and 1785, gi-eatly extended the subject of elliptic functions 
ia a pait of it which Euler had not discussed, and rendered 
the detei-mination of numerical values of elliptic functions 
very complete. 

Legekdre undertook the task, involving immense labour, 
of computing a greatly- extended series of tables. The second 
volume of Legendre's great treatise on elliptic functions, to 
which a lai-ge part of his life had beeu devoted, appeared in 
3 827. To him is attributed the merit of gi^'ing to the sub- 
ject tliat systematic arrangement and connection which con- 
stitute it a separate science. 

Jacobi. Professor of Mathematics in Ivoningsburg, pub- 
lished shortly afterwai-ds, in Schumacher's Jonrrnl. his re- 
searches on elliptic functions. His principal object was the 
investigation of certain general i-elations of these functions, 
of which the investigations of Lagrange and Legendrc involve 
particular cases. 
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Abel, Professor of Mathematics in Christiania, gave in- 
vestigations of the subject ia Crelle's Journal, in 1827. He 
itrrived independently at many of the important discoveries 
of Jacohi, and contributed valuable theorems respecting what 
are called ultra-eDiptic functions. The worka of Abel, who 
died afc the early age of 27 years, are esteemed among the 
most important contributiotis to modern analysis. 

For some account of modern discoveries in Calculus, the 
reader may be referred to Moigno's edition of Cauchy's Lemons 
dt' Calcul Differential ct de Catcitl Integral, 1844. 

Among the best knoivn general \vorks on the Intcgi-al Cal- 
culus are the following: — 

Bossuf, Cal. Diff. tt Integral. Paris, 1798. 

Dmichnrlat, Cifferenlinl and lategmX Oakiilus, Eng. TranBlation. Cam- 
bridge, I82H. 

Carnot, Melaphysique de Calcui Infinitesimal. Paris, 1796. 

Oauchy, tecona de Cal, DifF. et Int. VoL 2, Calcul Inleffral. Piirig, 
18*4. 

Condorcel, Calcal InffgiT.!. Paria, 1705. 

Cournot, Ilea Ponctions ct du Calcul Infinitesimal. Paris, 18il. 

De Morgan'a DitF, and Integral Cakulns. London, 1842. 

Duhamel, Cours d'Analyse. Paris, 1847. 

Euler, Institntiones Calculi IntcgraliB. Petersbiirgh, 1792. 

(*regorj'a Kiamples on the Diff and Int Cal. Cambridge. 

Hirscb, Integraltafeln. Berlin, 1810. 

Lacroii-, Calcul Diff. ct Integral. Paris, 1797. 

Lagrange, Lejona sur le Calcul de Fonclions. Paris, 1808. 

Lindens Eesidual Analysis. London, 1758. 

Legendce, Exercicea du Calcol Integral. Paris, I81fl. 

Trait6 de Ponctions Elliptiquea, 1825-8. 

Littrow, Anleitnng xm hoheren Matliematik. Vienna, 1836. 

Mending's Tables of Integrals. 

Obm (Martin), Sjilam dep Mathematik, 1833-51. 

Raabe, Die Differential uud Integral Ileohnung mit Functionen Mebrerer 
Variabeln . 

Scblrimlicb, Handbueh der Dlffcccnzial Kechniing, 1847. 

Taylor, Methodus Iiicrementonmi. London, 1715. 
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DEFINITIONS, GESERAL i'RfSCilPLES OF INTEliEATlOS. 

11. Quantities are said to l)o functions of one another, if 
their values depend in any manner on each other. The 
lettei-s F,f, 0, tf-c, preflxed to quantities, are used to denote 
functions of them. A function of several quantities is ex- 
pressed by writing the letters F,/, &g., before them all sepa- 
rated by commas. 

13. A variahU is a symhol of quantity to wliicli lUfferent 
values may be assigned. 

13. An independent mriable is a symbel of quantity, on 
the value of which the value of a function of it is considered 
dependent. 

M. A limit is the exact value which a function approaches 
ncai-est, as the variables on which it depends approach assigned 

13. The limit of a jiuite continuous function of several 
quantities is the same function of their limits, or if y„ y,, y^, 
... be the limits of ^j, y.,, y^ ■■■ respectively, 

limitof/(^i,y,,y,...)=/(yj, y,, y,.,.) (l), 

where / means " any finite continuous function of" 

A continuous function is one sucli that the series of opera- 
tions denoted by it wlien performed on more and more nearly 
equal quantities, produce more and more nearly equal results ; 

.■■/(?,.?., J, ■.•)-/(?,.?,.;-,...) (a), 

is smaller, as ^/^, t/.,, y,^, ic, are more and move nearly equal 
to yj, y^, y,,, &c., respectively. Therefore, the limit of the 
finite quantity (2) is zero, or 
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limit of /{(y„ y^, y, ...) -/(y.. y„ y, ...)} = 0, 
from wLicli equation (1) immediately follows. 

1 6. The quadmlure of a finite continuous function of one 
valuable having a limited range of values is the sum of pro- 
ducts of successive values of that function, each multiplied 
by the differences between the corresponding value of the 
independent vai'iable and the next preceding or succeeding 
\alLie. 

] 7. The integral of such a function is the limit which its 
quadrature has when the differences of the independent vari- 
able approach zero, and their numher approaches infinity. 

18, Let fa denote a finite continuous function of w, and 
let i| and b^ he two constant assigned values of x. Also, let 
.Cj, 3!.^, », ... X, be any successive intermediate variable values 
cl" a. Then the quadrature oi fx is by the definition, either 

or AU.-i,) +M{3,~x,) +A K-'^ )+ + ^"-(S -'».) 

The integral of the funt-tion is the limit which these senea 
approach when the difterenoes v-^ — h^ "'^ — •'■i ^'^ approach 
zero, and thuir number infinity 

19 In Alt 7 let x be the abscissa measured fiom B 
along BC of anv point m thp cur\e BA and \e\.fx ienote the 
corresponding abscissa Then it is clear that the differences 
x^ — by a, — «j &J. denote the bieidth of the rectangles 
drawn in the figure and /j!,, Jx &i, the corresponding 
altitudes Hence the severil terms in the foregoing seiies 
denote the areas of tho«e rectangles, and their sum is an 
approximation to the cmviiinear aiea ABC whence the term 
quadrature la derived, amce that quantity expresses approxi- 
mately the number oi$q\uire nnits (square feet, square yards, 
&c.) contained in ABC. Also, the integral is the exact area 
ABC ; for the magnitude of this area is between the magni- 
tudes of the inscribed and circumscribed figures. But the 
difference between the two latter magnitudes has the limit 
aero. A fortiori, the curvilinear area differs from either of 
them, by a magnitude which has the limit zero. 
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As the figure last referred to ii 
3! and of fx are both 
supposed to be zero. If, 
however, they be finite 
positive quantities, the 
integral represents an 
area sucli as abed, ivlierc 
is the origin from which 
tlio abscissa; are drawni, 
and 

od = />2, and odT=fK. " 



20. Both cxprasiom Jor the quadrature in Article 19 hare 
the same limit, if J'.v have only one finite value for each 
value of ,1! from b, to i„, for then they differ by the C[uantity 

iM -A) {"i - y + yf". -/',) ft -".) + 
(/».-/»•,)('.-«,) + •■•+'/»=-/».)(».-•«.)■ 

Let Aw be the greatest of the successive differences of j> 
in the preceding quantity, which is therefore less than 

which expression is equal to {fb.-^—fb^)A!c. This, there- 
fore, is the difference between the two quadratures ; but if 
fb^ and fb^ he finite, fb.. —fb, is finite; A^ is zero in thf 
limit. Therefore, the difi'erence between the two quadra- 
tures is zero in the limit, i. e., they have the same limit. 

21. The preceding article is exactly illustrated by thr, 
Lemma iii. of Newton's Piiucipia, which is as follows (sup- 
posing all the parallelograms spoken of in the original t:< 
be rectaugl s) : — 

Ii tl e plane figure bounded by the curve AF and straight 
1 es AA AF, at right angles to each other, are inscribed 
a y n mier of rectangles AB', BC', CD' ... on unequal 
I es \B BC, CD..., and the rectangles AB", BC", CD" 
1 e ompleted. If the breadth of these rectangles b^ 
d m n si el and their number increased indefinitely, the iti 
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a fortiori, tSie difference between 
nscribed figures will be less than 
and, therefore, they are ultimately 
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scribed figure AKB'I^c'jiID'NE'E, and the circumscribed 
figure A A' B" B' C" C U" D' E" E F are ultimately equal 
For let A/be equal to 
the greatest breadth 
of the rectangles, and 
complete the rectangle 
A/', then this parallel- 
ogram will be greater 
than the difference be- 
tween the inscribed 
and the circumscribed 
figures. But when 
its breadth is dimi- 
nished, it will be less 
tlian any assiguable 
quantity, and, therefore, 
the inscribed and circu 
any assignable quantity, 
equal. 

ii2. Wkenfx continually increases or continually decreases, 
as X increases, the valtie of the integral is betiveen those of its 
quadratures. First, let fx continually increase as .v in- 
creases, tlien the integral is less than the first quadrature. 
Art. 18; for let af and 3/' be any two successive values of 
.V. then one of the terms of this quadrature is /y (j/' — jc'). 

Now, take a value «, between w' and a/', then the term 
iti question is replaced by 

/«,(«,-«•)+/,"(«■'-«,,), 

which is less than the term just mentioned by 

a quantity which is positive, since fx" is always greater 
tiina/ic'; therefore, the effect of increasing the number of 
terms is to diminish the quadrature. But as the number 
of tei-ms is increased, the value of the integral is more and 
more nearly approached ; therefore, the integral is less than 
the first quadrature. 

Similarly may it be shown that Die integral is greater tlian 
the second quadratui-e, 

The same reasoning may be applied when the function fx 
continually decreases as « increases ; therefore, ia either case, 
the integral has a value between those of its quadratures. 
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23. The symbol of integration is J , ivliicli derives its 

form from the initial letter of tlie word Summa. or Jutn. 
Tho integral of a function fx of a variable .v is written 
Jfse.das; where the limit of the difference between two suc- 
cessive values of a; is represented bj dx, which is, therefore, 
Aiffermtial, or diminished without hmit; and/a:.rf* is the 
general form of the limit: of anj term of the series in Art. 7, 
and is also differential. 

24. 27ie ?ii/ii[s oj an integral are the two constant assigned 
values of the independent variable S, and &,„ in Art. 7, The 
greater and less of these values are frequently designated 
the superior aad inferior limit respectively. 

25. When tlie limits of an integral are e.-ipressed, oi' 
defined, it is said to be definite; when they are not defined, 
indefinite. In the fii-st case, the integiul is said to be taiien 
between limits. The usual way of expressing this syuibolieally 
is, by writing the superior limit above, and the inferior below, 

the symbol of integration. Thus, / /ai . dx is the integral 

of /«, between limits b, and h.^. 

26. The value of the integral is indej^endent of the differ- 
ences of the independent variable in the rjuadraiure. For the 
limit of the quadrature is, by Art 14, an exact quantity, there- 
fore it cannot depend on the values a!,, «;, as, ... «„, nor their 
differences, which may be altered arbitrarily. Also, it ia 
evident that the integral does not involve any other values of 
.r, except Aj and i^. 

CoBoi.iaRi. Hence / ^fxdis = / ^fzdz, where z is 

any other quantity than as. 

27. The s!(in of definite integrals, the inferior limit of each 
being the superior limit of the vext. If the series in Art. 18 
were continued to the right, to the term in which x ^ &,, 
the limit of this additional part of the series would, by the 

preceding definitions, be / 'fx.dx. Also, the limit of the 

whole series, including the additional part, would be 

I fx.'lx. But this whole series is the sum of that written 

in Art. 18, + tlio supposed additional part. Hence, 
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PEIKCIPLBS OF IKTEGBATION. 



J^yxdx=J^Jxdw-\J^y^da^ (1) 

Similai'ly, 

38. An Integral between UmiU is the difference hehi-een two 
Ph 
values of the same function. By Art. 26, / /x dx is inde- 
pendent of fill tlic values of ie, except fc^ and b^. Therefore 
this integral roay he put equal to F {h.^, J,), some function 
which contains no value of x eseept i, and 6,. Similarly, if 
the form of this function he general, that is, capable of repre- 
senting the integral for all values of the limits, / y^odx— 
'■' (h' *i)- Ilenco, from (I) Art. 27, transposing, 



hutf 'f'x . dx involves no other value of « i 

Tlierefore fij disappears from the last equation, 
■jueotly, may be written 


Lhan (i^ and h.^. 


whicb, conse- 


/^■A.a. = „,,-ri, 




CoROLLAHY, f '/a:d!e = — j ^x 


dw. 


29. By Article 2C, the value of the integral i 
of the differences x^ - J„ ^^ - ^,, &c., in Art. 
therefore suppose those difTerences all = 
(n + 1) Sx =\ — b^. Then, by Art. 28, 


s independent 
18. We may 
Si-:, BO that 



limit of (/^, + A, +/«. + -.- +/^, +fb,)S^=-Fb, - Fb,. 

The number of terms in the parenthesis is to + 1. Now 
suppose, first, that the fa; is always positive; and let fie^ 
be its greatest, fx" its least value between the limits; 
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fJieii fx' ift greater and fsf' less than any other of thi' 
terms in the paieiithesis. Henc:e (w + l)/.*-'' is greater, 
aiid (m + 1)/^' is less than their sum ; 

-■. (« + !)/«/. S.-c>Fi-Ft,; {n + \)f^"lx<Vh-Yh,.. 

or, putting (n + 1) J» — h ; /f/a:' > r/ — I ? 

hf.x" <i'h., — Yh^ 

There must therefore he one or more values of at hetween. j., 
and 6^, for which lifx = ¥h.^~i'h^. Butthts luteimediati 
value of 01 must also he between i, and h since v^ uia\ li 
taken as near J, as we please. Therefore the mteimedjat' 
value ill question may be expressed hy h^ + OJi wlieie 6 is 
some positive proper fraction. Hence, emce ^\e ha\e sup 
posed b. = b, + k, we have the formula 



!,f{i,^ + eh) = Y{h, + k)-V 



^r-s' 



. (U 



The same conclusion would he arrived at \l Jk were sup- 
posed to be always negative. Hence the formula is true 
when /» is either always positive or always negative be 
tween the limits ij and 5, + h. 

HO. The following is a geometrical illustration of the 
formula h f (b, + 5 li) = 



/. 



fxdx. 



Let fx represent, as iu 
Art. 1 9, the ordinatea of the 
curve ah, and x its abscissa, 
measured from o along 
od; oc=\,,, orf = b, + h; 
.-. erf^h. Also Je =fb,; 
«rf=f(b, + h}. Then the o 

areartJc(?:= / fxdx. Now the formula asserts thai 

between tc and ad there is some intermediate ordinate repre- 
sented by/ein the figure, and by fCb, +tfh) in the formula, 
such thatye x cd-= area ahcd, a proposition which, from 
geometrical considerations, is evidently true. 
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31. A Function is the differenlinl i-m'jficient of its Integral 
Dividing by /(, tlie result in Article yj, 

y (/, + «) = -Ll±^/— 

Taking the limit of both sides of this cc|ULitioii, when h has 
the limit zero, 

fb, = dlffei-mtial coefficient ofSb,. 
hy the (leflnitioii of a differential coefficient. Hencr is seen 

tlmt INTE&KATION IS THE OrEKAIION INVEUSF. OF MFFEEEN- 



33. The inUgral of the sum of several functions letween 
given limiU = the sum of the integrah of tli^ several func- 
tiotis between the same limits. Let the seTei-al functions be 

f\^dx=\mM of (/,^i+/i^.+/l-^'. +-/l*=^) ''^ 
py^x dx ^ limit oi(/^^^ +f,^; +f,a:^ + -fA) ^^ 

P^'f^x dx = limit of (J„x^ +/„A', -Vf„x^ + -f./'^Sx 
Adding, f'''fi'<'<^^+Jl ''Axdx+ ... +J^y,xdx = 
limit of {(/,«, +/,«, + ... +/.a'J +(/!«'.+/.'«=+ '■■ +/-«!)+ 

88. A constant mtdttplied by the integral of function between 
given limitt = the integral of the function midtiplMd by the 
cmstant between the some limitt. liet c be the constant. Then 
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22 ' IKTEQEAL CiLRULUS. 

Vi, -^^ ''•^ = ^ i'«''t o, +>, +/fl^, + ... +/ij s^- 

= (by Art. 15) limit of {cfx, + «/;i>, + c>v + ... c/J,,)^^ 

34, To show that / V i^^ + /'"'w i/^ = 6^c„ — Si c, , if 

y he a function of u, and have the values c^, c^, tchenuhas the 
values 6,, b^, respeetiveli/. y,, y^,y^... 7/„ being successive 
values ' ' the function « ana u,, w„ ... u of u we have bv 
Art, "18. 



/>""= 



ujt of ) 



,) + 



^ « dy = limit of {h, ( y^ - c,) + 

«. C^.-^-i) + ... + u^ (^„ -^,-,) + J,(c,-y„)). 
By adding together the quantities in the { }, it will he found 
that all iu each line except one appear in the other line with 
contrary signs. So that the sum in question is reduced to 
J^Cj — i.e.. Hence 



jb '^"^^ '^yj'"^^ - 



35. The conclusion of Art. 34 may be anived at from geo- 
metrical considerations, as follows : 
Let AB he a curve re- 
ferred to, Oa, Off ita 
asea of co-ordinates. Let 



OC : 



OD 



Then the area ABCD= 



A' 



. e way, if 

OB«"c,, OF = €5, tho 



-r-*- 



-Yu 
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T TNTEOnAXrON. 



Therefore f "^ y dx -\- I \dy = figure AFEBCD = 

rectangle AO — rectangle BO = h.^c^ — (>,c^. 

■i6. To determinnjdx. In the first equation, Art. 39, it 
is not neceasai7 that fx should be variable. Let it = 1. 

'I'hen limit of Qx + ^^ + ... + Sa,-) = / dx. 
But, eTidently, the left-liand side of this equation =h.,~ !>,, 

117. If X and y he/unctions of each other, so that 
f'^fxdsif = j <pydy (1), and (C = i wheu 'j-=c, 

then fx dx = fiy d>/. 

For let (Art. 28) the first of tliese integrals = F^ - Fb, 
and the second = *y — * c. Then 

i.A-t X become a: + Sa when ji becomes y + ^y. Then 
F (x + iic) - F6 = * (y + 5^) - *c. 
Subtracting the last equation from this, 

F (* + 3a:) - F« = * (y + ^^) - *y, 

F (a.- + Sx) - Fa: _ $ (y + ^y) - ^1/ h , s 

"'' Sx h -J^-^"^- 

l^Jow this equation is true, however small Sa and Sy may be ; 
therefore, the limits of both sides (corresponding to the limit 
zero of j« and Jy) are equal ; or, by Art. 17, 



•Ty-^' (")• 



-srhence, f<vdx = ^yhj' 
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98. To prove that ij fxdx = (py cly, ami x he equal to 
li., and by when y h cijiial to c. and, c^ respeclivehj , ihvit 

1^ 'fxdx = I ^ '^ydy. 

Foi' let J^ "'fx dx = I ^ ''>y dy ■vT^'Piy <h/, 

then, liy tho last praposition, fx = 1^1/ -^ t^^y. 

Tsui by the hypothesis fx = i^y, 

■■■ ?',y = 0, .■.J\,ydi/ = 0, 

for this last integral is the limit of the sum of a scri-s 
of which the terms are all absolutely aero ; 

■■■j'-f':.'!': =f'\s.d,^£\f. |f)^,; byw,, 

39. From the preceding article follow many important re- 
lations among definite integrals. For instance, let ?/ + c( = ,t; 
then Cj + a^S^, q + « =: S,, dy=.dx; .-. fx = (py — 
y(y — a), and the formula becomes 

J^ ''f{^~a)dy=J\yd3=.f^'''^yxdx. 

Now in tho first of these integrals we may, by tlie Corollary . 
Art. 26, write y for se. Therefore 

yjV(^-")''^'=_/^l7"Arf*' (I.) 



Similarly , 



f,!y{^+<')'i^=f,^^ll'^f^',^^ ( 

L /(''.—)<'-=/;/«<;*• 

Putting 5/ — a = a' and h.. — 1/ = a' sufCessiveJj-. 



II,) 

iin.) 
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rRlNCJrLES OF INTEGBATIOK. 



Patting^ =— x; f fwdx = f _ /(-xjda; ...{IV.) 
.\nd generally, if .a = 4.y, wlience j/ = ■^.v, dx = ■i''yd^i, 

f>y""=ft.*y»'i-^'"" '.''■> 

40. Indefinite Integration. "We have shown tliat if 
function can be integrated between any limits a audi 

its independent variable, the integral is of the form F (a) — 
K(i). There is a large class of functions which cannot be 
thus integrated between all limits, or of wliich the general 
integral cannot be found. The first part, however, of the 
science of integration, is confined to the investigation of 
general integrals. Our object is, therefore, to find the form 
of the function F, which represents the result of the inte- 
gration of the function J". It is not necessary for this pur- 
pose to find Fa — Fb, but, simply, Fx, from which P«~Fj 
may be found by substituting a and b successively for .v, and 
subtracting. In the foUomng chapter, therefore, Fx alone is 
required. 

CoKomBi'. It follows tliat the formula of Art 31 may 
be written 

/l/ du Jrfu dp = tiy, oyJ\j du = jiy ^ju dy. 

41. DifferenUation of Integrals . 

From (o) and (^), Art. 37, it follows that 

— / fxdx=fK^ f J- fxdx; or, writing ffl for .r, 
■i^i/ h .J ax 

diji"^"'" =•''''' "■• '? """■'J (Art. 20), 

±-j;f.i.^fa. Also, 

From the first of these ec[uations, it appears that the 
differentiation of an integral may bs performed under the 
sign of integration. 
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ISTEOKAL CALCULUS, 



SECTION IV. 

FU.S'DAMESTAL ISTEGIIALS. 



43. To integrate a' dx where a is a posiUee finite quautiui 
By Art. 15, putting a:^ = h^ + tx, a!, = 6i+2i.r. ic„ 
a!„ = 6; + nix, 5^ = 6^ + {n + l)ix, 

= limit of (a''i + 5-^- + «''> + 25^ + ... „'', + (>' + l)!.v) f .., 
= limitofB^ + 5^-(] + rt'--- -1- «^^-' + ...a'"^-'')Ja' 

Jit + 1) Si 1 
= limit of «^i+^^ '^ V ~^ ^ 

= limit of -j^(a^ + 5'-'-«^i+^"-') (1 ) 

Now the quadrature of which the limit is here to he 'kIvph 
is finite, since all the quautities are Suite. By Art. S'-J, tlif 
iutegml of such a function as a' has a value between those of 
the two quadratures, from which it may be obtained. Bui 
the quadratures evidently may here be finite quantities wiili 
the same sign. Therefore, the integral between them ii noi 
zero, nor infinite. 

It follows that in (1) the limit of - : - - is some i"'vaci 

a^-'- - 1 
function of a. Call it A. Tlien taking the limit of ( I ) 

f 'a dx = A («*5 ~ oS). Also, fa' ds = A« 

If A he such a function of a that A= 1 when a has sonn 
value E, r ! .1 X 
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Abo,/..^.. =/»'•»......,, = 1 /,..s, ..,^(,„„^ , 



lot I = i, &j, S„, respectively. Then 



=//'''■ ">i. •-.-=.//,' 



by Art.^ CO, Md the l.,t article respectively. Hence by 

Therefore, by Art. 38, 

- i, ~^ "J,, ''j'=''.-«i = log.S=-log,S„ 
siuooif« = ,., j, = l„g^^ The indeiinite integral is 

■,»"wr° "■"''"■'"' *■■ '""" ■• " " •*«■■'• "•""•" "i ' 

Let , = «.+■, or log,j, = ,a + v,\af,^t, „ h.ving .„, 

real value «m«j(_ I; „hens. = c, ore ore lot,.-;,,,. 
*„ or J„ respectively. Then '.. oi c„ tot .i _ s, or 

l»e, y - log, o = (a + 1) (l„g^ ., _ ,„„ -,^ 
By the last article, log)/— logc=/'^f!^ 
«ni (« + 1) (log « - log, S) = (3 + 1) /""' ^. 
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Then by Art. 37, ^ = (« + ]) - 



.-. d^j = {a-\- ])— .ar«+>; .■. ——dy=:d».a^'. 

45. John Bernodilli's series. By rejieated integration 
by parts, and Arts. 37 and 44, we have, 



/' 


Xdx = Xd-- 


-/'«S- 








= Xx- 




i''' 






= Xx- 


9 rfx "^Si.3 dx^ ■ 


-£i. 






= &c. 










a:"'dX 




>s a^ 


<i-x 


~ 


, S.3.4. 


.,.• <!»•' 



On the second Bide of this ec[uation all the quantities are 
taken between the required limits x and 0; since each is zero 

for the latter limit; X, -j—, -j-- ... being supposed to be 
always finite. 

If the last term of this series become zero wJien n is 



sufficiejitly increased, we have 






,. ad infuiitui 


By Art. 39, 




./(..) £f.i.. Put, 3, 


.ndx- ' 



y Google 



. ISTEGBAIS. 



Hence, a criterion that the last series may be continued 
at! infinitum, is, tliat f{^x) become zero when n is suffi- 
ciently lai^e, or tl:-' ""— " '~~ ~" •'■■— 



46. e is the base of ike Napierian logarithms- By Art. 42, 

f^dx = e' (1.) 

.■.fe-'dx = ~frUi-x)=~e-' (2.) 

Therefore, in Beniouilli's series (Avt. 45), if 

Hence the series becomes 

For all values of x in this series the criterion of Art, 45 
is satisfied, so that the series may be continued ad infinitum. 
The first side of the eijuation by (2) is equal to — e"' taken 
between limits and as, or = — (e"-' — 1 ) 

Dividing by e~', and transferring one term to the second 
side of the equation 

e'=l +^ + l' + ^ + ... 

In this equation put x^ \. Then 

Therefore, e is the base of the Napierian logarithms. 
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47. To integrate sill xcia:. I sin*^; 



wliero % = \+ {n H- 1) S*-. 

By a kaovni trigoEometricBl formula, 

cos (A — B) — cos (A 4. II) = 2 sia A siu B. 

Therefore, putting B = ^ ^« 

2sm(&, + ^«)sin ^lx= cos [h, + ^ 6*) - cos [h, + l^x) 
2siQ(S, + 2Sa:)smiSfli = (cosi, + ^pa.-)-(cos&, +|Ja^) 



Adding these equations, 
asm|^fl^{sm(t, + 5;r) + f,in (&, +2^*) + ... 

= cos {b, + 1 Sa;) - cos {J, + JT+l S^) 

,-. / °£ina;rfa; = limit of 

co3(6| + I^A') — cos(fca + p a^) 1 . 



Assuming the demonstration given in the suhsequent sec- 
tion on RectiftcatioQ of Curves, that the limit of 1 Jar -1- 
siii ^- Jic = 1 when S .v has the limit 0, ivo liave, 

/ 'smxdx = coab, —cosh^. Also, / sin A'rfar =— cosi. 
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4S. To integrate COS aidx. f 'cos «(?iU = limit of 

Ecoa(J, + S;e) + co3(S,+ 2S*) + ...cos(i,+n + U.r)};«, 
where ft. = h, + (ii + l)Sa.-. 

By tlie trigonometrical fotmuk 

sin (A + B) —sin (A + C) = 2 cos A sin B; 
we have, putting B = llx, 

S cos (S, + Ix) sin ,^ ^-■p = sin (i, + f Sa;) — sin (S + J Sai) 
9oos(i, + 9Sa:)sinP« = sin(i, + 4Sa^)- sin (& + 3 M 



.■. 9. sill ^- Jfl! {cos {}>, + U-) + cos {i, + 2 *:r:) + 

cos (J, + 3 Ja>) + ... + cos {Ih + « + l 3a^)} 
^ - sin (fc, + h Ix} + sin (6, + ^Jx). 

/cos .Vi/« := limit of 

putting limit of \ix-^ sin ^ i;^ = 1, as in the last article. 
Also, /"cos J?(?« = Bin *. 

This integml may be ohfained immediately from the pre- 
ceding article, for 

(by the last article) cos ( — — a; J = sin x. 
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iia'i/.i! cosxdx 

—5— aud - . — — . 
OS -at sm''* 

J smx(iai= — cos^-, .-.dcoso) = — sin aidx, 

_ /' sma;d.v ^ /'■dcozx _ 1 
./ uos'-'.v j/ cos"* ~ cos :c ^ ' ■ ■' 

jO Similil /■ cos£^' _ ] 

^ sin-.c ~ sill a:' 



51. To inteprale (I + tan'' a:) rfiK. 



tan- ^f?iB = - 



-ydu. 



.-. Iw the last ai'tiole it— , also dt/ = mSiciU. 

Xow, by Art. 10,./Vf^« =y« -J'^dy, 

/', .> , sin A' /' cos a;i/^ 
tan- xdz = / ■ = (an x — x, 
cosA- y cos a 

Thercfore,./(l + X.sxrx')dx = x ■\- J'taxv' xdx = taii.r. 

33. fiimi/ar/f/, ,/'( L + cytati"-«J(/.?i mil bo found to be 
— cotaii X, 

o\\l\\ + ZQ\.&\V»)dx = 

-/■|l+tau=(^-.)}rf(|_.)=_ta„(^-..) 
{as has been just proved) =— cotana^. 
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FUNDAMENTAL INTECEALS. 

53. To integrate ., _^ .^ . If a be not iiero, 

Now, rfa; = (?(a-_«), 

/■• dx pd{x — a) , 

y ^^a = J l-a = ^"^^ f"' - ") <^'"'' ^^)' 

r dw 1 ,, 

■■■ y i^^rr^ = ai; J'n (^ - «) - log. (a- + «)} 



" Sa 



log." 



If ai be less than a, the logarithm just found is the loga- 
rithm of a negative quantity; and is, therefore, impossible 
In order to express the integral in a possible form in this 
case, put 

/ "/^ =_ rJ5_ __ _L / r <!"> , r <i^ ' 

= -^^{-logC<-.-^)+Iog(« + «r)}==J- log^^^lf. 

54. To inienrate — — . 

(.^■■'±«^)^ 

Lctrfy = </fl: + ^"^^ _ /j> 



Now 



/• xdx 1 /. 

(«' ± «') (Art. 44). .-. y = « + (i< -I- „=)! 
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Also from (1). 

Hence, f— ' ^ -—- = log, ?/ = log {.v + (x- ± a-)' }■ 
B.^ ToinWircite — ^ — : wlicre, in order that tlie 

«(.= = . T 

denominator may be possible, <C- is greater than x; if x'^ be 
by the negative sign. In Art. 54, T\-rite - for a, 

and, therefore, -.dx^ovdt!. 

r- do; 



-^^1,^^ = -/- 






/ ■ dx _ 1 , 



(since the logariilim of anj' quantity = — tlio logarithm of 
its reciprocal), 



of which expression the last term - log^ a may he omitted, 
as it disappears when the integral is taken between limits. 

fiO. To lnie(iraie — ^ — : where n > x. 

Le', d^ = cos7/d>/. Tlicn (Art. 48), 

p> = sin;/, (1 -«-)l =cos;/, 
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(1 -^ ~./ cosy " 



sill"' - = ■;; — COS"' - = — cos~^ - if -^ Ijo included i 
ihe value of tlie integral at its inferior limit. 



integral of the first side of this equation is , and of the 

second — cos i/; ,*, ive may therefore put - = cosy. Hence 

«: -^ J^.{x--a'f J a. X' smy 

- /tfj/ = - =- COS"' - = -sec"'-- 

58, To inUgralf. -^ — — ■— , - 



(Art,56) = veiw 



59. To integrate— . :t- Let- = taiiy 



dx = (6(1 + tairy)(/y (Art, 51), 
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Collecting the results of lliis Chapter, we have the fol- 



ir'STAL INTLGRALS. 



1 wheu, 



./ log," 
/ x" dx ^ except n ^ — 

/"-»^- 

/-— 

/ ma X .lix = s\ax 

f'^'"^^. 

/• cos a: ^^^ 1_ 

,/ siu-x ~ smx 

Al + isxi' 3)<:U = tan ^ 

/ (I + cataiv x)dx = — cotam; 

= i'°8' J^('<''> ■■■■ 
f dx 1 .-e 

,/"(jr^.= »°-'|.»--o«r'f 
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60. The foregoing integrals are all found in terms of loga- 
rithmic, exponential, and circular functions. Tallies may bo 
obtained which contain numerical values of these functions 
computed to any required degree of accuracy. Therefore the 
values of these integrals may be completely determined. 
Similarly, other integrals whicli can be reduced to any of the 
forms in the preceding list, may be completely determined. 

CI. The operations of integration consist chiefly in reducing 
integrals to these fundamental forma. In many cases, how- 
ever, this reduction cannot be effected by known methods. 
Where it ia impracticable, resort is had to methods of express- 
ing integrals in terms of convergent algebraical series, or in 
terms of elliptic and other functions not contained in the 
preceding list, but which have been partially tabulated. 

fiU. For the present, however, attention will be confined to 
those integrals which can be reduced to the forms investigated 
above. The methods of effecting this reduction may be 
classified as follows : 

1. Integration by Algebraical Transformation. 

ii. Integration by Parts. 

3. Integration by I'ormulte of Reduction. 

4. Integration by Eational Fractions, 

5. Integration by Eationalization. 

Of each of these five methods a brief account will be 
given in the following sections. 
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I :;■['!■; c CATION by algeehaii-at. tbaksfoemation. 

03. This method, of irliifib instances occurred in Arts. 5i, 
56, fcc; consists in finding for the expressions to be inte- 
grated, algebraical equivalents which are of the forms of one 
of the fundaroental integrals, or are the sum of quantities 
having any of those forms. The reqmsite transformation 
is effected hy substitutions and other processes, for which 
no general rule can be given. It is only by continual 
practice and experience of the effect of various transforma- 
tions that facility in the successful application of this method 
of integration can be attained. One or two examples are 
appended, but for an adequate knowledge of the subject, the 
student must be referred to larger collections of examples of 
the Integral Calculus. 

64, Every polynomial of the form (« + ba; + cx^- •f-..,)'(/a', 
niay be int^rated in finite terms when w is a positive integer, 
and the number of constants a, I, e, &c., finite. For the poly- 
nomial may be raised to the power w; the result is the sum 
of ft finite number of terms involving only integral powers 
of a:, and each term may be integrated separately. 

fiS. For esampley'irt + Ixf dx = /"(«"- + 2alx+ h'x^)dx 

(ill. If the function to bu inti'grated can bo expressed 
as the product of two quantities, ¥x. and dSx, or more gene- 
rally (Vx)'", and dVx, it may be always integrated. For if 
I'x l>e put = ^, the expression takes the form ^"f^y, of which 

the integral (Ait. 44) is ' . 

OT. For esample,y(« -1- h-v + c.ir) {h + 3 ex) dx becomes, 
if a + h -.n \ c X- = ^, fiidy = \ f -^\{a^h^A, cxj. 
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68. Ag„m.^f(\<,g, »)■ 'I^ = |'(Iog, «)■ <;(l„g, 4 

(1% «;)"+' 
™ n + 1 ' ■ 

J .• + 1 ./ ,- (.■+!) y 1 + .-. 

70. All the preceding formulfe for iategrala of functioTig of 
X TQay be extended to like functions of o + bat, by putting 
a + hx = X, .■. hdx = (ix, and die^l dx. 



Ill tbis manner it will be found that 

y' dx , I , 

/(. + i.f i, = i ^-M:^ «ept » = _ 1 

y'sin (« + I,) d'=-\ cos (» + J,) 

y^cos (« + /-.j;) dx = i sill (« + hx) 

J {<-+ '«»' (o + «») I </«' = J toll (o + «.»■) 

y {I + CO(!lll'(o + J»)} 1/15 = - i coto (« + J.,) , 

^ 71. A similnr extension of fomulie for functions of 
a-±x. to like functions ai a + hx + cx\ wlicro a, b. and 
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-1(1 INTEGRAL CALCULUS 

c are positive or negative, may be effected by tlic following 
transformation : 

if = A, where A may be positive or negative, and 

Hence it will be found that 
dy 



/ ' d.v I /■ dy 

J a + />x + c^' ~ c J y' + J 



(A negative) 
= ;- tan~ ' ■— (A positive), Art, 59. 

/ • d.v __ 1 / - dy 

J{a + Lv + cxf c''J{A+ff 

= ^1 l^Si {y + (r + A)*} (c positive, 
A positive or negative), Art. 5-1, 

= -J sin ' ■■■ -' Y ^ (A and c negative). 

Art 5 IS, 

(impossible if A bo positive and c negative). 
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SECTION VI. 

ISTEGRiTlOK BY PARI 



7a. A FOEMULA has leen given, in Art. 40, of wliicli vory 
extensive use is made in integration, and of which applica- 
tions have been already given in Art. 45 and 51. This for- 
mula, called the formula of integration by parts, is 

Any differential function of one independent variable may 
be put in the form udv. If, then,J'vdti can be found,yw(?v 
can also be determined by the preceding formula. 

73. To integrate a log, xdx. Let log, x = w, whence 
— = da (Art. 43). Also let xdx = dv, whence ^ ap = v, 
(Art. ii], 
■■■_/a.-log£ xd3)=J'uili; = uv —J'vdu 

J- o 1 /■■!.,(/« 
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IJ JNTEGHAL 

Tlip formula sivcs 



_ I. X I p dx 

— 1 -^' 1 rr izJ: 

TO. To integrate dx («' — «")*. Since 

Therefore, d{^r- - a?)'' = r^^^J^. 
Hence, integrating by parts, 

/• a'diV /^(a^ — ar)d^v 

= .n.--.-).+y^^-^-/L__i.^ 

cousequetitly, tmasferring to tho fti'st sido of the equation 
tlic last member of the second aide, we have 

fda, [a- - .T-)' = i - (.' - «')' + l "' sir' J 

11. To integrate xcosx'Lv. PatthiQjcosa:dx=&mx, 

wo have y« cos a:i-/a: ^xsxnx —Jsmxdx 
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IN-TEGEAKtOB BY PABTS. -lo 

78, To integrate e" COS xdx. Perfonning the operation of 
integration by parts twice, 

Je' cos *(/ir = e* cos a; +Je' sin xdx 

= e' cos a: + fi' Bin x —f^ cos xdx. 

Transposing and dividing both sides of the resulting equa- 
tion by 3, 

Je^cosaidx = -| 6'(cosa: + sin*). 
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SECTION VII. 

FOBJrUL*: OF BEtUCTIOK. 



79. By Formulse of deduction, integrals involviug powers 
of functions are expressed by integrals involving higher or 
lower powers of the same functions. These formulae are 
obtained by the principles of integration by parts and alge- 
braical transformation. 

80. For instance, the integral of a;" cos* may be made to 
depend on a function of ;»"'"' ; the latter, similarly, on a 
function of x"""", and so on continually. If m be a positive 
integer, and the process be continued a sufficient number of 
times, the last integral is that of cos at or sinar, which have 
been found in Ait. 47 and -iS. 



Integrating by pai'ts. 














J'x'"cos(e = iifsinx — 


,n/. 


"-'sin.*. 


•i^ 








= :B"'sina; + ma'—' 


cosx. 


- m . j«. 


_1 


■f^- 


-'coaxdx 


^^afsinai + mx"'-' 


cosa;- 


• m.m- 


-lar-=su: 


liU- 






m . VI 


— 1 . »i 


-2«~-=. 


cos;i 


,+ &c. 


the positive and iiegativ 
For instance, let m ~ 


e signs 
^4 


succeed: 


tngi 


in pair; 







J te' cosxdx ^fli'sinx — ijiy'smaidx 

= a* sin a; + 4 .ar'cosaj— H . Aycc^cosmd.v 
= «' sin .t + 4 . a:'' cos « — o . 4 3:'^ sin a: + 3 . 4 . ; 



^ + .i^- 



:i.A.', 



*J . 4 . 2 . 



81. The preceding integral is an instance of a general 
formula which is an extension of John Bemouilli's series. 
By the same method as that by which Bernoujlli's series was 
obtained (Art. 45), we have, if P and Q be functions of x, 
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rOEMDL^, OF BEBUCTIOK. ■15 

aud Q', Q", Q"' ... successive differential coefficients of Q 
with respect to m, and 

fv<idx = QP, —fi^j>,da: 

= QP, — Q'P;, +yQ"Pa<?-c = &c. 

= QPi — Q'Pj + Q"Pj — Q"'Pi +Q""Pi— ... +yQ«">P„rfja 

83. To integrate of ^, n lieing a positive integer. Here 

Q = a:", Q' = nx"~^, Q" = « . w — 1 . a;'--, 

Q'" = w . ji — 1 . w — 2 . 3;"-^ &c,, 

Qi"> = )i . B — 1 ... 3 . 1, P = 6', P, = e% F. = e*, ic. 

Therefore, 

f.^e'dx = .-ce - nx'-^e' + n.n-l. x—'-e' ~ ... 

+ «.«-!. ..9.1. /€-,;.« 
= €•(:.'■-,.;."-' + «.»-l.^'--... 

^n n-l ^ I) 

Tlie formula of the last article but one is inapplicable 
except where the successive integrals P,, P Pj are simjle 
quantities, aad Q*"' such thaty Q" P„t/ic may be found This 
will not generally be the case for functions involving trac 
tional indices. Such functions may, however be frequentlj 
reduced by combining integration by parts with ilgebiaicil 
transformation, as in the following example — 

83. To integrate (a- — arjidie, n being an o<ld integer. 
In the formula for integration by parts 

fwdv = uv- fvdu, let (d' - x-f, = y. 

Then — nx(j^ — a"-)' dx^du; dv:=dx. 
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10 INTEGJiAL CALC0LUS. 

Now, 

Iwtegvatiug tliis equation, nJ{_a"~x)Tdx = 

««',/•(»' - ^--yr- ,u -«/(.'- d'Y" a?,u ... (a.) 

Adding (1) and (ii), and dividing both sides of the re- 
sulting equation liy « + 1 , 

By this formula of reduction, the integral ia made to 
depend ultimately on J (a"- — x')~''dx, which has been found 
in Art. 56. 



fudv =uv -/r^M, put !.=«,» = —j-—, 
.■.rf«=~— ,-^^^.. Then 

Whence, transposing, puttings + 1 = ?;. 

r ''■^ ^ 
J (*■' ± «^)" 

Except when m = 1. 
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roHMOLi; OF REDUCTION, 



Wlien n is a positive integer, tliia formula of veduction re- 
duces the integral ultimately to / -;;— - — ^ = tan~' - (when 

a^ has the positive sign). "When a"- has the negative sign, 

p dx 1 a: — a, 

the ultimate integral is / -r — -5 = ~Iog — - — . 

(Art. 4i, except when n = I), 



2(«-l)(»;'+SSa: + «)- 


.-, 


r, nn r '*" 




(•'-"'Vk. + »)' + (»- 


»■)}■ 


— I! 




2(»-3)(,i' + 25i + ») 


.-, 


A_BJ .^ + fi 





by the last article, putting ai + S for a;, find c — //- for a'. Ail 
tbe cojistauta iiiaj be positive or negative. 

When n = 1, we have from the first equation of this 
article and Ai'ts. 43 and 59, 

/(A + Bx)dx B , 
FT2K+1 = 2'°<=- ("+«" + '" 

A — Bi , X -\- b 
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J.NTF.OrAL CALCULUS, 



SECTION VIII. 

EATIONAL Fli ACTIONS. 



86. A rational integral function of x is the stim of a finite 
number of terms which involve only positive integral powers 
of X, and these as factora. 

8T. A fraction rational with respect to ,v is a fraction of 
which the numerator and denominator are rational integral 
functions of x. 

83. The 2)artial fractions of a given ralional fraction are 
those rational fi'actions with different denominators of which 
the sum is equal to the given fraction. 

89. If tlie numerator of a ralional fraction, cleared of 
negative indices of x, he of higher dimensions in as than the 
deiiowinator {i.e. contain higher powers of a: than the de- 
nominator), the fraction may be reduced to a rational integral 
function, + a rational integral fraction of lower dimensions 
in the numerator than in the denominator. 

For if a rational fmiction of x, ««?+« -|- 6^p+(i-i + ... be 
actually divided by another such function of lower dimensions 
in X, Aaf -V B«p-' + C*'^^ + ... (p and q being positive 
integers), it will be found that the quotient consists of teiins 
with descending positive integral powers of cc, commencing 
with the index q, and ending with the indes ; and the 
remainder, after division, has terms with only positive inte- 
gral powera of x, commencing with the index p ~ I, and 
ending with the index 0. So that 

ajf-^1 + hx^-^"-^ + caiP+B-^ + ... 
Ax" + B^p-i + Cx^-^ + ... ~ 



where the coefficients A, Bj ... n, h ... are to be determined 
in the course of the process of division. 
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90. The rational fuuctioii A,x'' + B,x^^+ ... is imme- 
diately integrable by Art. 44. So that for the complete 
integration of a rational fraction, oil that is required is to 
integrate a mtional fraction of which the numerator is of 
lower dimensions than the denominator. 

91. If in any rational integral function of x, x"- be as- 
sumed to Iiave the value bx + c, the function becomes linear 
(i. e. of one dimension in a:). For a;' = a:' . « = (Ix + (!)a: 
by the hypothesis; = bx'- + car, which again, by the hy 
pothesis, is equal to b(hz + c) + ex, which is linear. 

So, likewise, may x\ x\ &c.. be reduced to a linear form. 
So that any rational function of x takes the liuoar form . 

aa,' + ^, 
when hw + c is substituted conti nually for a^; a and ^ bein- 
quantities not affected by \/~} . 

92. If llie preceding ax + 8=0 (I), then a = and^ = 0. 
For the original assumption x' =^ Ix + c gives ^■ =: 
i {S + (6^ + icf}, and « = 1 {5 - (J^ + 4c)i}, Therefore 
equation (1) is required to be true for two different values 
of X (except when 4c =—6=); call them x„x„ Tlien 

« a^^ + (3 = . 

Subtracting, b (a;, — af^) = 0, .■. « = 0, since a.' —a: is 
not zero. ' ' ■ ; 

Substituting « = in either of the equations last written 
we get |9 = 0. 

93. To show that real quantities, A and B, independent of x 
may he found such that ' ' 



where i>x and <^x are rational integral functions, and do 
not contain ar" - ia; - c as a factor, xx a rational fraction, 
and n a positive integer, 

(^x'-bx-cffx ~>^''' C-^-) 

Now, by a principle proved iu the theory of equations, .aiiy 
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■jU imteokal calculus. 

rational integral function of .1; contaiiis x' ~ la; — c as a 
factor if tlie function ^ when ai^ — bx — c = 0. 

The numerator on the first side of (2) is a rational integral 
function of x. If, therefore, real quantities A and B can 
he iletermiuecl, so tliat this numerator = ivhen x'—hai — 
e = li; then the numerator is divisiUe once, at least, l>y 

The quotient will he a real rational integral function ip^x. 
Then (3) becomes 



or x^' '3 a rational fraction. 

It only remains to be shown that A and B are real quan- 
tities, when determined by the condition supposed, namely, 
that 

<px~{Ax + Ji)-^x = 'a ...{i), when ic' — ia; — c = 0. 

It has been shown by the last article hut one, that when 
(c' — hx — c = 0, ov X- ^bx + c, 'fix is reduced to the linear 
form ax + $, and ^.r to a similar linear form a'ie + |3', 
where «, 0, a', jS', aa^e real quantities ; therefore, (4) takes 
the form 

«a! + 3-(A^ + Ii)(«'a. + |3')=0, 
or, multiplying the quantities in parentheses, and putting 
x- = hm-Y c, 

^x->rB- Aa' (hx + c) + AiS'a^ + B (a'.u + &•) = 0. 

By the last article the coefficient of x in this equation is 
zero, and the quantity independent of x is zero, or 

j3— Aa'c + Bfi' = 0. 
(Except, as before, when —i.c = b', when (x' — bx — c)" 
= (ic — Ji)^"; see next article but one.) 

It is clear that the values of A and B found from these 
equations are real quantities, independent of j-. 
From (1) and (3), 

0a! _ A« + B 

ix'-bx~cr^x - ^x--~bx-cf 
•p,x 

+ (^-^ -bx- c'r^ ^"'^ 
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iHAL IK ACTIONS. 



04. Supposing the last fraction in this equation in its 
lowest terms in jo' — 5a: — c, wo have, similarly, 



^:f~l,^-, 




■ff-li~,) 




+ (.*' 


-S.-c)' 


— +,.' 




Qa. Therefore 


. generally, 






i,x 




A», + B 




(ar- -hx- 


cYi,x ( 


^-„ia,_, 


■)■ 


A,l, + D, 


^ + 


A,« + B„ 


- + ^. 



"^ (i' - J.. - e)-' ^ «'-S»-e +..' 

where *ib is a ralional integral function of x, 

95. To shew that a real quantity, C, independent of n; 
may be found sueh that 

(.-«rf. = (-^.r^^ + ^" f'-' 

where Aisand ^^jb are rational integral fumiiions of x, x^ a 
rational fraction, w a positive integer, "pa not zero, and ^/'« 
not zero. 

(.-a}-t.-^" ^'-^ 

Let C = -^ (fthich is finite by hypothesis). 

Then <}>ie — .r — -j/x, the numerator of the fraction on the 

first side of (2), is zero when .v — a is aero ; and, therefore, 
is divisible hj x — a, once at least. 
Then (2) becomes 



From this equation and (]), 
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ySi IKTEGEAL CALCDLUS, 

96. If the last fraction ii 
respect to :e — a, tlie 
ipiffl is uot zero. We, therefore, proceed as before, and put 



(«-<.)-'+J,- (,-«)■-' 


(*•- 


«)— + «■ 


iiiKl SO on. Therefore, ultimately, 






tj,x C d 


n^ + . 


-1 


(.-»)-+;i- (,-«)■ ' («-»)■ 



97. In the formula marked (a) and (S) in the last article 
and the preceding, respectively, the nurnerators (px, ?,«, p^^i 
&c., have been supposed uot to contain the sirople or quadratic 
factor expressed in the denominators. If, however, either of 
these numerators happen to contain any number of times 
a factor of its deuominator, reduce the rational fraction by 
division by the factor that number of times, and proceed to 
reduce the resulting fraction into its partial fractions. 

08. If the quMitUies U,, U^ ... represent q)tadratic, and V,, 
Vj... simple factors, we have, by the last two articles, con- 
tinually reducing the rational fractions infa partial fractions, 



A'x+H' A,';.:, + B,' 



+ .tc. 
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09, 111 resolviii}^ rational fractions into partial fractions, 
the greatest difficulty occurs in those cases in which there are 
quadratic denominators of the pavtial fractious, and their 
numerators are therefore linear in x Where, however, the 
partial fractions have only simple denominators, there are 
no (A]s and (B)s, and the numeratora (C) are easily found 
by either of the following methods. 

(1.) Clear the equation of the last article of fractions, by 
multiplying by the denominator of the first side. As the 
denominator is supposed to contain no quadratic factors, it is 
equal to V™!. Vj"i ..., and therefore is of m, + m^ + ... 
dimensions in x. Therefore, when the equation is cleared 
of fractions by multiplication by this denominator, there are 
terms in the second side of the resulting equation of (mIi + m^ 
+ ,..) — ] dimensions in x. The new equation contains, 
therefore, (m, + W}^+ ...) different powers of at, and (equating 
coefficients of those powers) there are therefore ni| + Mi^ + ... 
equations to find the w,, + m^ + ... quantities (c). 

Example. — To resolve - 



into partial fractions. Assume 
X c 



-^+1 (:«-])■' (^ + 1) 



(«.-l)'(*+l) X~\ • ix~\f ' J>^\ 
Clearing the equation of fractions 

l = C(i'''-l)+C.{a + l) +C,(a!^- 9,^ + 1)... in. 
Equating coefficients of a;", = C + C^ 



of .t;, = C 
of a;", 1 = - 



-ac^ 



Adding these equations, we have 1 =2Ci, .-. C, = \. 
Substituting this "in the second of these equations, we have 
Oj = \, and therefore, from the first equation, C ^ — \. 

n dx __ 1 r' dx 1 n dx 

■'■J ai^-ar-x+l ~ ~ ~\J 7^^ ^ %J (J^Tp ■*■ 

\ r dx -I , , ^ 1 1 1, , n 

4-7 JT7=-l'»S('-»- 2i^ + 4'»S! ("' + "■ 
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{■3.) The iitimevators of tlie simple partial fractions may 
be found by another method, wliich ia frequently more con- 
venient than that of equating coefficients. In the equation 
cleared of fractions, ff.\e x successively the values which make 
each of the (V)s zero. Then, in each case, all the (C)3 
disappear but one, which is therefore determined. 

For instance, in the equation (a), in the last example, put 
JT = 1. Then (a) becomes 1 = C, . 2 or ^ = C, . 

Put X = — 1. Then (o) becomes 
I = C 4 or C = 

100. By this methol of s 1st t ton t lei that as 
many coeiflcients (C) are leterm ed as 1 if e e t simple 
factors of the denom ator of tl e fract on to he lesol ed into 
partial fractions are n ade zeio 15 it hen th s denominator 
contains higher poivers tha tl e fi st f a t of its factors, 
there are more (C)3 to be detein lei tha tl e e n e different 
factors. For instai e ti e e a pie j st co s de ed only 
two different factors t — Inl-B+lca be male zero, and 
therefore only two out of tl e tl ee (C")r ca be th s found. 

To determine the remtuning (C)s, differentiate each side of 
the equation equivalent to («) in the last example; for since 
tliat equation holds for all values of x, the differential coeffi- 
cients of the two sides of the equation aro equal. 

In the new equation obtained by differentiation, put the 
factors = successively, and so obtain more values of (C)s. 
Then, if necessary, differentiate again, and equate factors to 
zero, and so on continually, till all the (C)s are found. 

For instance, in the last e.tample, differentiate la), then 
=C . 9at + C, + C^3.(a;— 1). 

Put a: = I. Then 

fl = C . a + C, , .-. since c^ = ^, c= —\. 

101. We will take, as another instance, a fraction to be 
resolved of which the denominator contains the third power 
of a factor, and which therefore requires two successive 
differentiations. 
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hationai. feactions. 5j 

Clearing this equation of fractions, 
a*^ + 1 = C (a; - 2)H:b + 3)^ + C.(a: - 2) (:i; -|- 3)= 

+ CJa; + Sf + c(:b~^T (^ + 3) + c,{w~^y (a.) 

Putting ai = 3, 9 = C^ . y&, .-. C„ = ^^ 

Now differentiate (n). 
4s = c {a (« - 3) (» + 3)' + 2 (» - 2)' (» + 3)} 
+ c,{(» + 8)= + 2(ai-2)(« + 3)} + c,a(;.+ 3) 

+ »{3(»-2)'(, + 3)+(..-2)>)+c,3(.-2)'...(6.) 

Puttings = 2, a = c, a5 + c„.10, .-.0, = —, since C.^ = ^ 

« — 3,-12 = e(-.5)'+<,,8(5)' = «(-5)'-^ 
1 /&7 \ 3 



Kuice c. = — 



4 = C 3 . {« + ay + Ci {2 (.n + 8) + 2 (a; + 3} + Cj . 2, 
r teing supposed = 2. Conseciuentl}', 

4 = C . 2 . 5*4- C, 2 . (5 +5) + ac^, ,■. C=— — 
2ic'^ + 1 ^ _ J -^^ ■ ^ 



(.^ _ sy (^ + Sf 5^ (a; - 2) 5' (,a^ - 9)= ' 25 (a: - 2)' 

3 19 



+ ; 



as may be verified. 

102. Where the denominator of the fraction to he resolved 
contains quadratic factors (and especially where each such 
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factor is triuomwl(=^'' — Sj; — f). tlie difficulty of resolving 
the proposed fraction is considerably increased. The student 
will probably be inclined to think that considerable labouv is 
saved by the folloiricg method, if he will compare tiie amount 
of work which it requires for n difficult example with the 
amount required for the same example by othtr metliods 
ivhicli have been proposed. 

Assume the proposed fraction to equal a serieg of partial 
fractious, &3 in Ait. 06, Clear this equation of fractions, and 
so obtain an equation coiTesponding to (a) in the last examples. 
In this equation make each quadratic factor a? — lx--c = 
(i.e., substitute b.v + c for «'). Then the equation may 
bo reduced to the linear foi-m az + ^ ss (Art, 01). and 
a = 0, ^ = (Art. 93). From these two equations the A 
aiid B coiTesponding to the factor x' ~ hx ~ c may be found. 

This method viill give as many different (A)s and (B)g 
as there are different quadratic factors, successively made 

If there be more (A)s and (B)s {i.e., if any quadratic factor 
appear in (a) of higher power than the first), differentiate (a), 
and ui this derived equation make al! the quadratic factors 
zero successively, then, if necessaiy, differentiate again, and 
in the second derived equation make the factors again zero, 
and so on continually, till all the (A)a and (B)s are found. 
The (C)s, if any, corresponding to simple factors, mfiy be de- 
termined from (a), and the derived equations by the method 
already explained. 

Let us take, first, an instance of the simplest case, that of 
quadratic factor, which \vantE its second term, and is therefore 
binomial. 

,^o rr..- „ *''^«' 



■ 


(i:-l)'W + l)' 


Assume 


x^ AiW + B 



- 1 (a.-lf 
.-. »■' = {An + B) (a, - !)■ + C («■ + 1) (J, _ 1) 
-C, (;»' + !) ...(«,) 

Fjrst, to detei-mins the (c)s by tlie method of Art. 98, let 
! = 1, .-. I = c. . 9, or c. = i. 
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g (n), aiii for brevity retaining only terms 
which do not vanish when a ^ 1, we have then. 

Sa:' = C{af'+ 1) + C,Ux, 

where a- = 1. Consequontly S = C , 2 + C, . 2, or 

Secondly, to find A and B by the method of the last article. 
Make the quadratic factor zero in {a); i. e. put — 1 for x" 
eontinually; (ft) becomes (espandiug (a; — l)~ and putting 

~ie = [Ax + B)(~l-2x+ 1) 

= 9A~2Ba; (putting — ^Ax'= 2 A), 

-■. = 2A-(9E-l)a:, 

which is of tiio linear form required by Art. 01 . By Art. 92 
tho coefficient of le in this equation, and the quantity inde- 
pendent of X are each zero ; .-. A = ; 3 1! — ] = 0, or 



2;e-+l ' a;-l ^2(^-1)- 
/* ardx 1 ,,,,11 

■V(»-l)"(«'+ 11 = 5'" " + '"<''"-"- 5T^- 

Next take a case in which all the operations for resolving 
partial fractions are required, and the quadratic factor is tri- 
nomial, and i-aised to a higher power than the iirst. 



-1> (*-!>■ 

Aa) + B A,a!-|-B, C C, 

iction ^ — -f- — ! ■ 1 1- — — i — - 

«' + 3;. - 3 = (A:. + B) (»• _ I + 1) (l - 1)' 

+ {A,„ + 1!,) (x - 1)' + C (.«' -.v+ Vf (x - 1) 

+ C,(^>-l + !)■...(„.) 
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Firstitodetermme the(C^,Art, 100. Pat.t:=i, .-. ^=C,. 
Differentiate, retwuing only terms which do jiot vanish 



whcTeaT = l, .'. r.=C + 9Ci, .'. C=]. 

Secotidly, to find the (A)s and (B)s, Art. 103, put a:-=x — 1 
continually in (a); {a) becomes (a^ - 1) + 3*— 3 =(A[a; + B,) 
(a; _ I _ Sa; + 1) = {A,a! + B,) (-w) = ~ A, (iB — 1) - Bx^, 
or = 3 + A, — x(Aj + B, + 4), whence Art. 99, 3 + Aj = 0, 
or A, = - ;). Also A,+ Bi +4 = 0, .-, B, = — 1, 

Now differentiate (a), retaining (for brevity) onhf terms 
uhick do not vanish whm ,-«=' — a: + 1 = 0, 

2^ + 3 = (A^ + B)(2ar - 1) (^ - If + A, (x - If 

when x^ = a: — l. Making this substitution continually, 
to bring the equation to a linear form, wo have, since 
(^-l)==-a^, 

2.K + I! = {2A {,K - 1) - A* + B (9* - 1)} { - *■) 

^3Ai;k + 9a,C^-1) + B.-3(.t^-1) 

= (Aa! + 2Ba: — SA — B)(— a;)- Aj3; + ae,.-!! — SAj -2Bi 

= - 3^- n -(A + 2IS)(a.- - 1) + (2A + B)* 

-{A, -3Bj).r-2A,-2B,. 

This equation being of the required linear form, make 
the coefficient of x and the quantity independent of m each 
= 0. Art. 02. 

= — 9 + A — B — Aj + 9Bi, .-. A — B = l, 
= — S + A + 9B — 2A,— 2I5|. .-. A+2B^ — 5. 
B = — 9, A= — 1. 

Ilenco the proposed fraction is equal to 

:. + 3 _ 3» + ' , _!_ + ^ 
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J »'-:. + I" 
Art. 85. 
/■ (3» + l) rf»; -3 .1 3^,- 1 

/• . '»'+3;c-2 7-5» _2_ 

-iva"" -TT+'-Sf^F^^+Tji- 
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SECTION IX, 



10 1 The last method of leducnifj functioni of oue \aiiable 
to integrable forms uliich we ha^e hpre to consider i-, the 
method of Ritionilization which is a system of algebiaicil 
substitution by which foi an irrational alqehraical function 
ia found an equivalent which is rational, and theiefore 
integrablo by the precectmg section 

106. A rational Junction lias a rational differential coeffi- 
cient. Every ratioDal function of z may he reduced to the form 
• a+be + cz"- + ...ks" . 



and it is clear the differentiation of this quantity cannot 
introduce fractional indices of jr. It follows, that if * be 

any rational function of s, j^ is a rational function of 

,s=:R. ; suppose, ,'. da; = R..dz, T\Iiere R; is a rational 



107. A rational function of a rational function of xU a 
rational function of x. For if i^, J', both indicate rational 
functions, fee inyolvea only integral powers of x, and ^ (/a:) 
involves only integral powers otfx; .■. i^(/iK) involves only 
integral powers of ar, or is a rational function. 

108. Auniveraal method of rationalization caimot he given, 
as many irrational expressions are reduced to rational forms, 
by artifices peculiar to the cases in which tbey are applied. 
But the most general principle of ratiooaliaadon may be 
stated as follows : — 

Suppose that the expression to be rationalized is a rational 
function of an irrational function {!,) of x, and of a rational 
function (a,), so that the expression to be rationalized is 

/0..K): 
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EAllONAUZATION. 1 

where f indicates a rational function. Then assume, if 
possible, m equal to such a rational function of s, that J^ 
becomes equal to a rational function (R,) of s. Then also, 
by Art. 106, dx = '&\di,. Also, bj Art. 107, R^. = R"„ 
another rational fnnetion of s; 

.-./(I,, R,,)rf^ =/(R=, R",)R',o'«. 

But / indicates a rational function. Hence, by the article 
last referred to, /(Ri, R",)R%fl(^^ is rational in z, or 
/(Ij. V^^dss is reduced to a quantiiy which is rational, 
and therefore integrable by the methods of the preceding 
section. 

109. To rationalize rJ— rV'*^^- "here R^ is a 

rational function of x and m, n positive or negative integers. 
This is a particular case of the last article. 

"»^='"'---«=-s:s w. 

or X is a rational function of z. Then by the last article. 



R_, = R"a:, rf3; = R;(^«, I,' 

and so the whole of the proposed exprcf 

1 10. To rationalize [a'x + I^Y {«» + b^dx, where one 
the three quantities 

}i, V, or fi + K is a positive or negative integer ... (2.; 

Id the expression proposed to be rationalized in I 
last article, put R^ = (a'.'B + i')', where i is a positive 
negative integer. 

Put «i = a', ft, = b'. Then the expression becomes 

(a'^ + !/)'-^{ax-\-irdx, 
which may be written 

{a'x^-h'T {ax + hydx. 
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wher(!;i + v(=i)is an integer, or (a) is satisfied; and by (1), 

Nest, let R, = {a'x + V); and in I, let a, = 0, 4, — 1 . 
Then the expression ratioiiEtlized becomes 

{a' a; + b'Y (ax + by da, 

which, again, h of the form 

{a':o + l/)" (a:e + ly di<^, 

where one of the quantities f* or » is an integer, and the 
condition (2) is satisfied. In this case (1) in the last article 
becomes 

ni. To ratioHalize !>f{ai^ + h)~ dxi. 
Puts' = a;, .-. -~ -x.'' ds. = dx, a:" = x^ , and the 
expression proposed to be rationalized becomes 
1 f ' 





H 




(«x + t)»rf^. 






This eau 


L be i-atioiiali 


zed by the last 


article, whenever 




is an intege 


r, and, therefore, 


i' + J 

1 


an integer: 


.L + 1. 

1 integer. 


- 1 +- 


; ^" 


JBteger, and, therefore, 


^- = 


The First Cntetv 


Drt of rationalization of 







^"(m*' + ft)" dx, 

is, that -^— — be a positive or negative integer, \vhen 

? 
(since «' = x) \vc have to assume aal' -j- ft ^ s" by {!), 
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RATION A1,I7ATI0N. (i3 

p + 1 in 

The Second Criterion of rationalization is, that + - 

q n 

be a positive or negative integer, when we have to assume 

112. The method of Art, 108 may he extended to several 
irrational functions I*", ll", l"' ... if it he possible to assume 
X such a rational function of a, that these irrational functions 
of CB become equivalent to rational functions of z. 

For instance, if the irrational function of x be 



dx is rational in e ; and so the whole expression may be 
rationalized. 
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rNTEOHATios OF functions of seyfkal vaeiables. 

113. We hnve hitherto considered the integration of func- 
tions of ouly one independent variable. The laagnitude of a 
quantity may, however, depend upon the magnitudes of severtil 
other quantities, each of which is susceptible of independent 
and separate variation. 

For instance, the cubic content of a right cylinder de- 
pends on two independent magnitudes, the altitude and the 
area of the base. Each of these magnitudes may be con- 
sidered to i-ary independently of the other, for we may 
conceive the existence of any number whatever of cylinders 
with equal bases but different altitudes, and of any number 
of cylinders of equal altitudes but different bases. 

Again, the content of a rectangular parallelepiped is a func- 
tion of three independent variables the lengths of three of its 
edges. The content of an oblique parallelopiped is a function 
of five independent variables, namely, the lengths of three of 
its edges, and the inclinatiouB of two of them to the thii'd. 
The weight of a solid is a function of two independent 
variables, its volume and specific gravity. The time of 
vibration of a perfect pendulum vibrating in vacuo is a 
function of three independent variables — its length, the force 
of gravity, and the extent of the oscillation. 

114. Definition. The Qjiadrature of a finite continuous 
function of several independent variables having a limited 
range of values, is the sum of a series of different values of 
the function, each multiplied by the differences between the 
corresponding values of all the variables and their next pre- 
ceding or succeeding values. 

115. The Multiple Integral of such a function is the limit 
which its quadrature has when the differences of the inde- 
pendent variable approach zero, and their number infinity. 

[These definitions are extensions of those of Articles 10 

and 17.] 
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INTEGKATION OF FUNCTIONS. tifl 

lie. Let/(3:, y, X, !0...) be El ftnitG continuous function of 
any number (N) of independent variables. Suppose n^ values 
giveo to e, ra, values to y, n^ values to x, &c. Then tlio 
total number of different values of the function will be the 
total number of different combinations of n,-i-n^ + ti^+ ... 
different things taken N together. 

Let Z, z, Y, y, X, X ... be the superior and inferior limits 
of the several variables. If i: he understood to he the 
abbreviation of the words " sum of terms of the form of," 
the quadrature of 



limit of S/(3, y, X, w ...)Se.hy.bx.6w ... 
(when a«, 831, hx, Sw ... approach the limit zero), is equal to 
the multiple integral of /(«, y, j:, w ...j between the limits 
Z, z, Y, J, X, X ... This multiple integral is written 

/Z /■ Y /' X 
/ / ...f{z,^,x,w...)dzdi/dxdw... 

the sign J being repeated as many times as there are in- 
dependent variables. 

] 17. Mvhiph integrals found by successive integrations. 

Let 3j, «2, »2 ■■• ?!' ^2' y-i •■■ ^'^■' ^s successive inter- 
mediate values of the variables between their limits. Also, 
let Szp Bzj, 5z^ ... Sy,, 8y^, fiy^ ... &o., denote the successive 
differences of llie values of the variables. The integral is 
the limit of the sum of terms of the form 

First. The sum of the terms in which z alone has dif- 
ferent values, while the other variables have their first 
values, is 

+ /(=^.. 3',. s'l ■■■)8«. + -} 8^16^1 - 
of which the limit (since here s alone varies) is equal to 

limit of 8y, SiBj ... / /{*, y^. «j ...)de. 
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«" INTEGRAL CALCULUS, 

This integral being talten between limits, involves onlv 
those limits, which may be fanotions of x, y, ... or any other 
quantities ivhatSTer. But the variable intermediate values 
of a! disappeai- (Ai-t. 36) from the integral, which, therefore, 
takes the form /^ 0„ .-c,, ie, ...), z being omitted. 

Secondly. Add all the terms in which z alone varies, ij 
having its second value, #, w ... as before their first values. 
The limita of the sum of these is 

limit of Sy^.B.?!, .., C f{e!,y,,x^,iv^...)d:s 

= limitof S^j.fij',... /i(y,„.T,, w^...). 

Similarly for the terms is y^, ^,, Ac, The sum of all 
these is 

{fA'Jv ^i- "^i -) By, +f{y„ a:^, w, ...)H'J, 

of whieli tho limit is (ly reasoning with respect to y similar 
to the preceding with respect to z) the 



limit of hx 






= limit of 5x^SWi...f^(a:y jCj...), 
y being omitted from /„. 

Continuing the process, te, w ... successively disappear 
by successive definite integrations; and the final result, or 
required multiple integral, is the result of as many succes- 
sive integrations as there are independent variables. 

Hence, where there are only two independent variables, 
if r be the last of the independent variables, this result is 
of tlic f 01111 

f irdr = F(R)~F(,-). 



yGoosle 



lyTliGBATION OF FIJNCTIOSS. 67 

Aviiere there are three indepeu^ent variahles, 
r'L /"Y />S 

J. ./r -L f^^^V^'^^'l^dydx 

And, generally, a multiple integral is formed hy inte- 
grating the proposed function with reject to one variable, 
as if the others were constant; snbstituting tlie limits of that 
variahle; integrating the resuU with respect to another vari- 
able, as if the rest were constant; substituting the limits, 
and so on, till as many integrations have been performed as 
there are independent variables. 

118. Order of integration indifferent. The sum of any 
number of quantities does not depend on the order in which 
they are added. Hence iu the summation of the quadrature, 
the terms involving different values of any vaj-iahle may 
he first collected, and the limit of their sum involves on 
integral with respect to that variable. Therefore, the vari- 
able with respect to which the first integration is performed, 
is iadifferent. Similar reasoning applies to the other in- 
tegrations. 

COEOLLABY, / dy{ I f(^,^)(l~] 

=_^'<i--(,/jVc,y)^.!/). 

119. The cubature of solids affords a very complete illustra- 
tion of the foregoing principles. 

Let xOz, xOy, yOz he three planes perpendicular to 
each other; and let A^CDahed, he a solid hounded hy 
the curved surface ABCD, by a rectangle ac in the plane 
xOz, hy two plauea Ah, Dc parallel to the plane yOz, 
and two planes Ad, Be parallel to the plane aiOn:. 

Consider now the hase ac of the solid divided into any 
number of rectangles, represented by dotted lines in the 
figure, and on these rectangles, as bases, let rectangular 
paraljelopipeds be described, of which the sides cut the upper 
surface ABCD in the curves shewn in the diagram. 
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l>y irjlUiljUAl, CAIXULUS. 

TF .r, ^, 3 be co-ordinatos of any point (P) in the flui'ved 
surface referred to rectfingukr axes Oj^, O^. O:^, the relation 
between le, y, z may be expressed by an equation 

• =/(«.* 

ill which z is supposed to he finite and continuous ; 
and pq = X, Oq^= y, Vp — z. 




Let Pj> be the altitude of one of the elementary parallele- 
pipeds, Sx and Sy th*» length and hieadth respectively of its 
base. Then the solid rontent of the parallelepiped is the 
product of these quantities, or zlx^y -^f^x, y)lx .iy. 

Let aa,x^, x^ x„„ 

yD'-V^ys y.. 

be corresponding successive values of the co-ordinates, and 
Ix, Sy, the comraon differences of the successive values of 
X and y respectively. Then it may be seen that the solid 
Ac contains parallelopipeds, of which (reckoning them in 
rows parallel to ab) the sohd contents are 
/{^„y{)^wSy, fiXi,y,)My, fix,,y,)My...fix,,y,)Sx^y, 
n^.,I/{)S^hj,f(x,,y,)Sxhj,f(a:,,2/,)Sa,S^...f(a,,,y,)S.vSy, 
f{^.,,y{)My, y(_a!„y,)S^^ff, f(x^,y,}S^2y...f(x,.y„)Sxiy, 



fix.,.,?/,)SxSyJ{a>,,,y^Sa>SyJ{^,,,y,)SxSy.../(.v,„,y^)SxSi/. 
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ISTErPiTION or riNCTION'' 6"! 

Also a» «ill bo proved heit.aft;,i the more the number 
of these [jaiallelopipe ls> is incieaaed, lud their length and 
breadth dimmibhed the moie ueaily is then sum equal to 
the content of the solid AC If the limits of the sums 
of the contents just wiitti^n be tAen in rowo acioas the 
page, the result is 

If, however, the parallelopipcds had been reckoned in rows 
parallel to the longest side of the page, that is, parallel to 
«S in the diagram, the limit of the summation would be 



jC." {/><"'•"''')*■ 



And since both results represent the same solid content, 
they are equal. 
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RAL CALCULUS. 



SECTION XT. 

QUABEATURE OF CURVES. 



130. The Integral Calculus is applied to the rectification, or 
determination of the lengtlis of curves ; to the quadrature, or 
determination of areas of curves; the complanation of sur- 
faces, or determination of their supetfieies; and the evhature 
of solids, or determination of their volumes or contents. 

121. The methods of determining Quadmtures and Cu- 
hatures are readily demonstrated by principles already laid 
down. Bectiflcation and ComplanatioH depend on geometrical 
theorems, hereafter giveu. 

It has been shown, Art. 19, that if x and t/ be the i-ect- 
angular co-ordinates of aiiy point of a plane curve, X, Y, 
and s, y the co-ordinates of its extremities, the area included 
by it, and straight lines from its extremities parallel to the 
axes of .t and y respectively, is given by the formula 



/■X /-T 

/ xdp, or / '-i/ds:. 



where it is supposed that 
a and y are always 2)ositive 
and finite, and to neither 
is assigned more than one 
value corresponding to any 
value of the other, between 
the limits X, y, s, y. 

123. Quadrature of ilm 
Circle. Let r be the radius 
of the cu'cle; ai, y, its co- 
ordinates at any point re- 
ferred to tlie centre as ori- 
gin of co-ordinates; then « 
and y are connected by the 
equation. 
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QDADEATUBE OF CDRVES. 



or, J, = (,-!^ ».')!. 

= ir"-,y^+ 1-,-J^. (mtogr,tiogby 
J (r- — a^f parts), 

Now y (r> - »') <ia. = (,■' _ df « 

J /• f^j; j-» j-^ — «- 

The last ictogral on the second eido of tliis equation is 
identical with tile integral on the first side. Therefore, 
transpoaing and integrating the remaining integral by Art. 56, 

J\r' ~ X--) dx = \x (r^ - x^f + i r^ sin-' ^. 

If Oc=X, anu 0& = x, we have to talce this result 
' limits X and s, to find the area Aic; 



+ i,.^sin-^ii_^^9ia-^.£. 
r ^ r 

If it were required to find the area of a quadrant, B, 
C would he supposed to meet Oy, O x, respectively, and there- 
fore X = c, X = 0. Therefore, since sin-' (or the angle 
of which tlie sine is 0) = 0, and sin"' 1 = — , 

quadrant = — j--. 

Therefore, area of whole circle =;rr^. 

133. Area of Ellipse. The equation to the ellj 
to the major axis, and a line at right angles 
extremity as axes of co-ordmatea, is 



y Google 



IKTEGKAL CALCULUS. 



wliere a is tlie semi-axis majov, aud l> the semi-axis ii 




/ ydx=^ / — (2«3; — a?')'^dx 



= U!.cos-'^-^^::^(a«^-»--')>... (1.) 

When a! = the preceding expression vanishes. It may, 
therefore, be supposed to be taken between the limits 
aud x; consequently, if OB = x, the expression is the value 
of the area PBO. 

When a = b the ellipse becomes a circle, and the ex- 
pression (1) for the area becomes 



-{%a, 



- .,')' . 



..(2) 



Hence, if OP'JI be a circle having the samo centre C with 
the ellipse OPM, and OM, the diameter of the circle, be also 
the major axis of the ellipse, we have, comparing (1) and (2), 

area OP'B __ a_ 
area OPB ~ h ' 

\t appears also from (1), that the area OPB is proj^wt'tional 
to b. Hence, if any number of concentric ellipses were 
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QtlADltATUEF, OF CUIIVKS. 



defici'ibed on the ss-:ii' a\is ma 
the same base. Oil, would 
several minor a'^cs. 



'i(? arsH^ of tliem Laving 
tiio pioportion of the 




The area of a quadrant of the ellipse is found from (1), 
by putting « = o, to he 

Hence the area of the ellipse =i!ab. 

124. Quadrature of curves referred to oblique co-ordinates. 
The method of obtaining, in Art. 19, the quadrature of curves 
referred to rectangular co-ordinat«s, consists in dividing the 
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'i IKTEOllAL CALCULUS, 

area by rectangles, find taking the limit which their sum 
has ivhen their breadth is indefinitely diminished and their 
number indefinitely iniireased- = ^ 

Similarly, if an area, ABCD, bounded by the curve BC, and 
three straight lines, of which BA is parallel to CD, be divided 
by pai-allelograms uj"jii AD haviug sides parallel to CD, the 
limit of their sum is the area AECD. Also, let the curve be 
referred to oblique axes of co-ordinates Oy, O*, inclined to 
each other at an a*gle a. If So: and 1/ be the lengths of two 
sides of one of Xhe parallelograms, ysina ia its altitude, 
and yainicSx is its area; whence it is easily seen, that the 
area ABCD =J'y sin adx, taken between proper limits. 

125. Quadratm-e of the Hyperbola. Lot the hyperbola, of 
which A is the vertex, be referred to its asymptotes Ox, Ot/, 




inclined to each other at an angle a, as axes. Draw AB 
parallel to Oy, and let OB = e. 'Iho equation to the hyper- 



Area ABPM = 



■»yjV*-=sin«y^'^<^ 



126. Quadrature of the Witch of AgnesL In the last 
example, as x increases, the area increases indefinitely; and, 
therefore, the whole area between the curve and the asymptote 
is infinite. There are, however, curves in which the area 
between an infinite branch of the curve and its asymptote are 
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cjuadbatubeXup cubves. 

finite. The "witch," or "versiera" o£ 
Donna Maria Agnesi, is an iisstance. 
Let AB ije a diameter of a circle = a, 
AC a tangent, P any point in the ^furve, 
AM =i[; AB, AC being the axes, of w 
and y respectively. ^ 

The curve is defined by the relation 
rectangle PA = rectangle DB. 

The ec[uation to the curve will he 
found to he xi^ = «'(«— x). 



No' 



iw, { = y 

\ X J {ax- 



.-. I >idx = a I [ ■ - ■■■ — J dx 




Aria. 44 and 59. 

This expression is to he taken between limits x = a and 
a; := X, to give the area PBM. 

The area between AC, AH, oad the curve, is the limit 
which the result thus obtained has when x has the limit 0. 
This CTidently is found by faking the expression for the 
integral between limits x=-a and x = Q; 
.■- required area = {co3~'(— I) — cos""' 1} |a* ^ ^-'^a'. 

The whole area between the asymptote and the whole 
curve on both sides of AB, is double the preceding, or = wa'; 
is four times the ai'ea of the circle. 



127. Quadrature of the Cissoid of DtocUs. This curve, in- 
vented by Diocles, a Greek mathematician, about the sixth 
century, and used for finding two mean proportionals, re- 
sembles the curve last considered in several respects. It 
affords another instance of a finite area included between an 
infinite curve and its asymptote. 

The ci&soid may be defined by Xewtou'a method of tracing 
E 2 
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Q INTBOBAL CAl-CrLUS. 

U Tlip arms of a bent lever are at right angles to oacli 

T'h'to toe ftom » *aigl.t li™ is e,«.l to tto 
ta^h 5 the S «». The .nglf 0. the le,e, «»., c. 

the cissoid. 




T . T t>o thfl fixed point. Then, if AP = BD, and the 
Y\ .f he lever move along a straight line, «hile PC 
rifos in cont^cuvith B, the dsU is the locns of P. 

T ( AC = 1 AB = J;, PC = y. The 
equatieii to the'ciBsoid sill be touiil to bo 

(mtegratiug hy pai-ts). 
Abo, («-»y «'<'«='«"-'''>'''" 

,hich is of « fon» iihioh h>8 been dieaaj 
integrated (Art. P3) ; 
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QDADBATUKE OF OUUVES. 77 

For the whole area between AC, CH, and the curve, it 
appears by tlie same considerations as in the last article, that 
this integral is to be taken between the limits x = a and 
a: = 0, when 

fydo! = f «= {vers-' 3 - vers-' 0} = | aV. 

The whole area included by both branches of the curve 
and the asymptote is double this, or f jtu^ = three times the 
area of the circle of which AC is the diameter. 

laS. Polar co-ordhmtes. Let the ^wsition of any point in 
a plane curve he referred to polar co-ordinates, namely, the 
length (r) of the stmght line 
drawn from the point in the 
curve to the pole, an assigned 
point in the plane of the curve; 
and the inclination (6) of that 
iine, to some fixed line in the 
same plane passing through the 
pole. Let S be the origin or 
pple, F the point in the curve, 
SP = r, which is called the 

radius vector, and %ai the assigned fixed line from which the 
angle PSaisifl is measured. If P he also referred to rect- 
angular co-ordinates of which Sj: and S^ perpendicular to 
Sic are axes, it is easily seen hy trigonometry that 

Suppose now that it is desired to determine the sectorial 
area included between the radn i ectores at two points in a 
curve and the arc between them When a curve is referred 
to rectangular co-oidmates j- and f/, the integral sy^/i/;!; or 
J xdy between limits determine the area included hy a curve 
and straight lines paiallel to the aj.es. The relation between 
such areas and a aectonal area is established by the following 
proposition. 
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78 integhai. calculus. 

120. Sectorial area in terms of rectanoular co-ordmam. 
Let PQ in either of the accompanymg figures be the curve, 
which is taken of such length that it is not met at two 
points by any one of ita co-ordinates, and PSQ the reiimred 
sectorial area. 

(1.) *^'* 





LetsK^x. SII = X, QK = y, riI=Y. It is evident that 

Also, triangle QKS = i }'-■ t"^"gl^ PSH = i X Y. Al.n, 
Fig. (1), PQS + QSK + QKHPmakeupthewliolePSH; 

Fig. (3), PQS + PSH makes up the i\-holc figure, as does 
also QKHP + QSK. Therefore, 

- PQS = i (XV - sy) -J^ yix- 

Hence in both cases. PQS, tlie sectorial area, is, by Art. 34, 
eijual to 
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180. Sectorial area expressed by polar co-ordinates. In the 
last article the sectorial area was found to be equal to 
^ iJ^dij — J ydiB) between proper limits. 
Putting a! = )-cos^, ^ = )-siiie, 

dx = dr cos fl — r tin edG, 

dy = dr sin S + r cos 6d6 ; 

.-. xdy ~ydx = r"dS-, 

-■. sectorial area = ^J'r-d6, 

where the limits of fl are the angles between the prime radius 

vector find the radii vectores which bound the required area. 

131. The same result may he deduced directly from geo- 
metrical considerations. Divide the sectorial area by radii 
vectores )■„ r.^, r_^ ... between the extreme radii vectores R, r, 
with S as centre, and at distances R, r,, r„... describe circular 




arcs represented in the figure by dotted linos Tbe sectorial 
area is less than the sum of the sectors of which the arcs arc 
vdthout it, and less than the sum of the sectors of which the 
arcs are within it. The area of a circular sector of which 
the radius is r and the angle S6, is |j-'JQ. Theief re the 
required sectorial area is 

less than -i (R'Jfl, + r-JS.^ + r\iS^^ + ) (1 ) 
greater than ^ (r\U^ + ^jr- + r'Jd^ + ...) (a,) 
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where ^fl„ ^S, ...are the angles betiveen tlie ratlii. Now, 
)■ is a finite continuous function of 6. Therefore. Ly Art. 20, 
the above expressions (1) aud (3) have the same limit, aud as 
the sectorial area is between them, it is equal to that limit, or 



where ©, 



sectorial area = ^ / rdli=. i / rrlrdi 

fl are the inclinations of R, ;■ respectively to the prime radius. 



<jf the 



133. Quadr 
spiral, r = asmn&, where n 
is an integer. This curve has 
2m similar loops, and, there- 
fore, the whole area contained 
by it is equal to 9« times the 
area of one loop. 

i/,-V9 = U=/sin^K 

Integrating ly parts, 



/....„, 




From the equation to the curve, it is evident that a is the 
greatest value which r can have, and that then it is drawn 
bisecting one of the loops. Since r=sa when wfl = Jir, 
and r = when fl = 0, the half loop lies between the two 
positions of the radius vector corresponding to those values 
of S. Therefore, taking the preceding expression for the 

area between limits ~— and CI of a, 

area of half loop =; ^ «'- , — . 
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ihe whole area is i^t times this, or = ~, which is half 
the area of the circle circumscribing the curve. The result 
IS remarkable, as it is the same whatever the number of 
loops of the curve. 

133. 0/ curves, sucli that one co-ordinate has more than one 
value for one value of the otiier co-ordinate, the quadratures 
are lound hy dividing the curve into several parts, each 
ot which IS of such length that it is not met at two poicts by 
any one of its co-ordinates, and determining by the precedins 
methods the quadrature eorrespondtng to each such part. 




For instance, m the accompanjing figure the ordinales 
paralle to O2, have three values for each value of x between 
Oc and Ob, where Cc, Bi, are ordinates touching the curve 
at C and B respectively. But the areas AaSB, Cc*B CcdD 
mayeach be found by the pi-eceding methods. Also, the 
required area 

ABCDrfffl = A«iB + iBDrf, and SBDrf = cCDrf- cCBj; 

.-. required area = AdJB + CcrfD — cCB5. 
It may easily be seen that the generalization of this rule 
is, to divide the area into as many parts as the curve has 
parts, alternately receding from and approaching the axis 
of ^ ; to find each of these parts by integrating vdx between 
corresponding limits; and to take the difference between the 
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sum of tti« atea< undei imimg puts of the cum, and the 
Bum of the lemammg aieis , ^ , tu^ 

134 Arm in terms of the Imqth 0/ tU curve. The 
rati, of the cutyo ohuh lecodo ftom Oji are these foi 
which 4 inciease. as the length of th, eune measured 
from Its extremity nearest to 03 increase, and whme, 
conseiuently, il « denote the length rf the crave, jj is 
positive In the othe, pirl, of the cmie ~ is negative. 

If, then, sj s s,., he the respective lengths of the curve 

from its commencement up to the point, where -^ changes 

are the component parts of the required area. But the 
.Iternale nail, are to be suhtracled from the snm of the 
„,. ¥he ™lt "11 he the alg.hrdc.l sum of .11 the p.rts, 
since — is alternately positive and negative. 

Therefore, the vecjnirea area (s being the whole length 
of the curve) 

-f:^>-fyi^- 

it , ^ bo a eontiiinou. finite function ot i. By the nature 
ef thfinanlities y can only have one v.Uie for each™lae 
of K ; and, if the ciin-atave he continuous, -^ has only one 
valne tor each value ot s ; so that the result ot integi-ating 
„— ,i3 i. necessarily defiiiile, 
''e 
135. Kigatke tynlimtti. In iiivestigalitig areas ef eutves. 
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it lias been assumed that tho co-ordinates are positive. When 
one of the co-ordinates is negative, the processes described 
in the preceding articles will require modification. 

By the principles of analytical geometry the symbols + 
and — prefixed to symbols of length, are interpreted to 
indicate contrary directions of measurement; so that if from 
any point in a line curved or straight a length measured 
off along the line towards one of its extremities be reckoned 
positive, a length measured from any point in the line along 
it towards its other extremity is affected by the negative sign. 
But no such convention applies to areas which are considered 
essentially positive. 

If the curve be referred to rectangular co-ordinates, and y 
do not change sign between the limits, and x he positive 
or Vi^^as^, J ijdx is of the same sign as y, if the limits 
be taken in the same order as was prescribed (Art. 19) 
for positive co-ordinates; that is, if « increase positively in 
passing from its value ivhich is the inferior limit to its ™lue 
■which ia the superior limit. This is shewn as follows : — 

Jyd»! is the limit of the sum of terms of the form yJa.-, 
where S*, the increment of m, is positive, since x increases 
positively in passing from the inferior to the superior 
limit; consequently, y^x has the same sign as y, anij'^dx 
has the same sign. 

It follows, that for all areas on the negative side of the 
axis of a,JydT, is negative Koi. J ydx is positive for all 
areas on the positive side of the axis of x. 

In order, then, to determine the whole area bounded by a 
curve, of which part ia on the positive and part on the 
negative side of the axis of the independent variable, the 
two parts must be determined by separate integrations, and 
the negative part must be added positively to the positive 

136. Negative polar co-ordinates. In determining the sec- 
torial area of curves referred to polar co-ordinates, J'r'di is 
to be taken between limits such that S increases positively in 
passing from its value at the inferior to its value at the 
superior limit. Hence it appears, by similar reasoning to 
that used in the last article, that, whether fl be positive or 
negative, y^r'^iifl is positive. 



y Google 



SECTION XII. 

OUBATUEE OF SOUPS. 

1G( Lbxasolid ABCedii beb imlEdlyacui ed suifaco 
ahcd aid b h e bounlmg planes iz — by % lectaii^k, of 
which AB BC arp two Ic anl Ij ton jiU dA «B, 




Be, <. I {evie \ lai t tl ^1 p 1 e r ci -,le j asking 
througli Its '.idea <»iid neetin^ tho cit\td BUilT.rp in four 
plane curves ab be l I da 

Let tho curved surface be referrel to rectangular co- 
ordinates (x y ) of y;] ch the i^e'! iri- paiitl!''! t BA B!>, 
BC respe ti\elv anl let tl iihce lo such th t each 
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to-orJiiiale liaa but one value for each value of tho other 
co-ordinates. 

Draw ivithm the solid planes, parallel to the bounding 
planes and cutting off within the solid, a number of rect- 
angular parallelopipeds, of which, since they are within the 
solid, the total content is less than the volume V of the solid. 

Add, now, a set of rectangular parallelepipeds (not shewn 
in tho figure), within which the curved surface wholly lies, 
and which are formed by the above-mentioned parallelopipeds 
produced. It is clear, fiat as these additional parallelopipeds 
ai'e increased in number and diminished in magnitude, their 
sides approach continually closer to the curved surface ; and 
that, consequently, their volume (v) may be diminished with- 
out limit. 

V is greater than the solid content of the first set of 
parallelopipeds, and less than Uiat solid content -f v. 

Therefore, V lies between two quantities, of which the 
difference msy be diminished indefinitely. A fortiori, the 
difference between either of them and V may be diminished 
indefinitely. 

Let the lengths of edges of one of the pnmllelopipeds bo 
Sx, Sy; sits altitude; s^aly its volume. Let XzSxSti 
denote the sum of the volumes of the parallelopipeds within 
the solid V, 

V = limit of SsS-tJ^/ 

^//^dxd^i^Art. 117) 

the integral lieing taken between limits which depend on 
the boundaries of the solid. 

In the figui-e, for the sake of simplicity, the internal 
planes are supposed to be equidistant. 

138. Tlie limits of integration for the euhature of a solid 
may be investigated by the following method of exhibiting the 
result just obtained. Let WHI' NN' be an element of tho 
curved surface, QQ'RR' its projeetion on the plane of ;ry. 
Let QQ, = Jar, QR = Si/. In the limit the solid M'R is 
a prism, of which the altitude is s and the area of the 
dwdy; 

.: dV = :^daid!j. 
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Suppose the equation to the curved surface gives z ■=^f{(s, y\ 
Then 

In this expression take first (Art. 117) y constant, and 
integrate /(a'.yjiZa^rfy with respect to x. The result is 
the limit of the sum of the prisms, of which the haaes ai-e 
between the parallel lines jQ', rR'. Let a; = X and x=.7l 
he co-ordinates of the extremities of their lengtlis in the 
solid; 






Of 



is the analytical expression of the content of 
prisms just defined. 

In order to find V, we liave to add togethei this and the 
parallel rows of prisms, and to take the hunt of then sum. 
If Y, y he co-ordinates of the hounding jlinei patallel 



V^J'^ f\i,i,j. 



139. SoVtd bounded laterally hij a curved surface. Wc have 
in the preceding articles taken the most simple case of 
cubatm'e, that in uhich the eolid is bounded laterally by four 
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planes. The limits of x an:i y are then the same for every 
point of the solid, and independent of each other. In this 
case the integrations are comparatively easily effected. If, 
however, the solid be bounded laterally hy curved surfaces, 
the extreme values of x and y are no longer independent, but 
are connected by the equations to these curved surfacea. 

Let X, X be constant quantities ; Y, y two functions of the 
variable iP; Z, z two functions of the two variables ai and y. 
Then it may be shewn that if the volume included between 
the six surfaces, of which the equations are respectively 

a: = X, » :r^ X, y = y, y = y, ^ = Z, 2 = z, 

he designated by V. 

V = / / / dxdyds:. 



From the equations to 
the six surfaces it will 
he seen that V is tiie 
volume of a solid, De, 
bounded by two cylin- 
drical surfaces ECce 
and FDi/, of which 
the traces are A a and 
B& respectively; by 
twopardlel planes eH. 
ED, of which AB, ah 
are the intersections 
with xa, and by two 
curved surfaces CDdc 
and Ee/F. 



140. HyperhoUe paraboloid. The equation to the surface 
of the hyperbolic paraboloid is xy=C!i when c is a constant. 
The general expression for the volume becomes 

V := -ff^y dy dx. 

Let it be required to And the volume containetl by this 
surface, the piano xy. and a cylinder of which the base is a 
circle of radius r, and the axis parallel to the axis of s. 
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ItiLegralitig first wiLli respect to y between limits Y, y, 

V=i/(Y'-,")«.J«. 

Now the equation to the cylinder ia (a — aj' + ^z — 5f =i^, 
which gives two values of y for each value of x. One of 
these values is the superior, and the otlier the inferior limit 
of the integration just performed ; or, 

Y = S +{/'-(;.-«)■}', J = S - I .< - (» - «)•}' ; 

... y.- J. = 4J{r= -.(»-«)■}«; 

The extreme values of a; are evidently a + r and a — r. 
Taking the last integral hetween those limits, it will he 

found that V = 



141. Solids of revolu- 
tion are those generated 
by the revolution of a 
plane figure about a fixed 
axis. Let the revolution 
of a curve AB about an 
axis through A generate 
the surface of such a 
solid, and let the equa- 
tion to AB he y =/*, 
where x is measm-ed 
from A along the axis 
of revolution. 

It is clear that the 
volume of the sohd is the limit of the 
elementary cylinders having the same s 
altitude of one of these cylinders / the iddms of its base; 
.-. jry- is the area of the base; and that area multiplied by 
the altitude, or tti/'^x, is the lolume of the elemeutavy 
cylinder. Therefore, the required volume is equal to 

the limit of S (ir/Kl = 1^] y h 
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142. Content of a cone. A cone is generated \>y tke TOta- 
tion of a triangle about one of its sides. Let ^ = aa; be the 
equation to the straight line generating tbe conical surface, 
where « is the tangent of the angle at which that straight 
line is inclined to tlie axis of revolution. The content ol' 
the cone =»-«'y j;^rf«= i^jra^x' {taldng the integral be- 
tween limits and x) = ^^fx', or the solid content of a 
cone is one-third the area of the base multiplied by the 
altitude = oue-thiril of the content of the cylinder having 
the same base and altitude. 

143. Paraboloid of revolution. The surface generated bj the 
revolution of a parabola about its axis, is called a paraboloid 
of revolution. To find the solid bounded by such a surface, 
and a plane perpendicular to tlie axis, we must put y' = aa;, 
the equation to a parabola. 

Tlie required volume = jr a^fxdse = \ irax'. 

144. Solid of revohition through any angle. The qufintity 
vffdx-=%irfjydydx. Also it is evident, that if tlio 
generating figure turn through an angle ^ instead of lit, the 
solid content generated is equal to 

^ffydydie. 

145. Limits of the precedinr/ integrals. If the generating 
figure have not for one of its boundaries the axis of revolu- 
tion, but a curved line, of which the equation is y ^ ij>x, 
the limits of integration of yrfy are fx and tj>:g. Similarly, 
if it be required to find the solid generated by the portion 
of such a figure of which the extreme co-ordinates are two 
particular vdues X and x of a:, the integral with respect to 
a must be taken between those limits. 

146. Content of a solid of revolution in terms of its area. 
Let^ he some constant quantity. Then if j? were equal to the 

t value of the variable y, J J y d;/ dx would obviously 
ater ttiaa Jj yd yd m. If y were equal to the least 
value of the variable y, JJ jjdj/dx would be less than 
.ffydydx. Thore is, therefore, some value of the con- 
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stant if between the greatest and least valncs of y, for which 

(By Pappus's Theorems, ^ h shovn to he the distance 
of the centre of gravity of the generating figure from the 
axis of revolution.) The integral on the first side of the 
preceding equation expresses the area of the generating 
figure. Therefore, from the last article, the content of the 
solid of i-evolntion through aa angle <^, is equal to 

!/i^ X area of generating figure, 
\chere ? is a line less than the greatest and greater than tho 
least distances of points in the generating figure from the asis 
of revolution, 

147. Cahature of a solid of revolution hj I'olar co-o7-clinates. 
Let PSAt=e, PS = r be tho 

co-ordinates of any point 1' » 
in ft plane figure referred to 
the pole S. The area of an 
element PP' of the figure is 
(hy Article 131) i-dSrfr. By 
the last article, the solid 
generated by the revolution 
of PP' about SJI through an 
angle 0, is rdSdr x a dis- 
tance which is ultimately 
equal to the distance of P 
from SM, which is equal to 
j-cosO. Therefore, by the 
last article, the elementary solid = •jtrcosidUdi; and tho 
content of a solid of revolution generated by a sectorial area 
revolving, about an axis fixed with respect to it, through an 
angle f , is equal to 

i}> Xfr COB 6 M dr. 

148. GuhaUire by polar co-ordinates. Every solid may he 
generated l>y the rotation about a fixed axis of a generating 
figure of which the fonn is variable. Suppose the angle of 
rotation to be ^. Then any solid may be considered to be 
generated by the rotation of a figure bounded by a curve of 
which the equation is r=:f{rj>, 6). 
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Wlien the generating figure haa reTolved throagh an 
angle i> + Sip, the equation to this curve becomes 
r=y(* + S^, 6). 

The solid bounded hy the two corresponding generatiiig 
figures may be alwajs so taken as to be within that generated 
by the rotation of one of them, and partly without that gene- 
rated by the rotation of the other, through an angle iif,. 
Hence, ultimately, the required content is equal to that due to 
the rotation of either figure; and, therefore, by the last axticlo, 
w equal to S<ltjyr cos 6 d6 dr. Hence, the whole required 
solid content is equal to 

/f/rco3 8d6drd4>. 

1 40. Cubature hy polar co-ordinates hy direct invutigatian. 
Let an assigned point s he the 

pole; let SBQ be an assigned ^ 

plane, and SR an assi^ed straight 
Bne in that plane. The position 
of a point P may be determined 
by the length (r) of SP, the radius 
vector, 9, the angle at which SP 
is inclined to the plane, and <fi, the 
angle at which the projection of 
SP on the plane is inclined to the 
assigned line SR. 

(This is evidently similar to 
a determination of the distance of ' 
a point above the earth by its 

distance (r) from the observer, ita angulsx elevation above 
the horiaon (9), and (^) its "bearing" north or south.) 

In order to find the solid content bounded by a curved 
anrfece and planes meeting it and passing through the pole 
8, suppose that, by a number of plajies passing through the 
pole, the solid is divided into a number of pyramidx having 
all their vertices in S. 

The required solid content is greater than the sum of 
the pyramids within it, and less than the sum of a cor- 
responding set of pyramids partially external to it; and 
aa the difference between these two sums may be dimi- 
nished indefinitely, the limit of either of them is tiie required 
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Let P, P' be two 
adjacent points in 
the curved surface; 
PSp = 8, pSR=^, 
co-ordinates of P ; 



co-ordinates of P'. 
Draw through P, P' 
respectively, the 

planes PQSj» and p'Sg'Q', perpendicular to the plane in 
which tf, is measured. Also, draw the planes P'QS and 
PQ'S, respectively perpendicular to the last-mentioned planes 
through P, P'. Therefore the angle PSQ = ^fl and 
pSq' = J0. 

Ultimately, P's = PS = r, and the pyramid on the rect- 
angular base P'P is an element of the required solid. Now 
the content of such a pyramid = i area of base x altitude. 
Q'P = q'p = Sp.S<l> ultimately (assuming the proof given 
hereafter, that the lengths of a chord and its are are ulti- 
mately equal). But jiS = rcos9, .-. PQ' = rcose^^ ulti- 
mately. 

Similarly. QP = rS& ultimately; altitude of the pyramid 
= r ultimately; .-. its content = JrcosflJ^ . rifi . j- ulti- 
mately. The required solid content is the limit of the sum 
of such elements, and therefore is equal to 



//^r'cosid^d&, otfffr^c 



i&drdr^di. 



This result ia the same of the last article, in which the 
same letters evidently signify the same quantities. 
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KECTIFICATION OF OUBVES, ETC. 



SECTION XIII. 



HEdinOATrON OF C 



3 AND COMPLABATION OP SDHFAOBe. 



Axiom I. Of lines which join two aasigned points, a 
straight line ia the least. 

Axiom II. Of superflciea which have an assigned plane 
perimeter, a plane is the least. 

IGO. Of all lines having the same extremitiei as a given 
curve, and met hy planes vihi^h vteet every point of it iut 
cannot cut it, the curve itself is the least. 'Diis proposition ia 
proved by an extension of a method given in the Author's 
"Manual of the Differential Calculus," Art. 68. 

Let AB be the assigned 
curve, either plane or of ^ 

double curvature. Then 
lines joming A and B and 
met by planes which meet 
but cannot cut APB, are all 
of some length, but not all 
of the same length. There 
ia, therefore, one at least ""' 
of these lines which is the 
shortest poasible. Let (if 
possible) ACB be one of 
these lines. Then, by hy- 
pothesis, ACB is met by 

the plane at any point P of APB. Two different lines 
cannot have common to all their poinfa, planes which meet 
but cannot cut them ; therefore, the plane through P may be 
taken to cut ACB in two points E and F. Therefore, VE, 
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a straight line, is shorter than FCE (Axiom 1). Therefore, 
ACB is not the shortest of the lines in question. In the 
same way it may be shewn that any other line than APB 
is not the shortest, hut a shortest exists, therefore APB is 
the shortest. 



151. OJ all surfaces having the same perimeter as a given 
iufface, and met by planes which meet every point of it but 



cannot cut it, the given 
the assigned surface, 
having an assigned pe- 
rimeter AaBb. Then, 
surfaces having that pe- 
rimeter and met by 
planes which meet hut 
cannot cut APB, have 
all some magnitude, but 
not all the same mag- 
nitude. There is, there- 
fore, one at least of 
these surfaces which ia 
the least possible. Let 
ACB be one of these 
surfaces. Then, hy hy- 
pothesis, ACB is met " 



i the least. Let APB b 




the plane through any point P of 
APB. Two different surfaces cannot have common tangent 
planes at all their points. Therefore, the plane through 
P may be taken to cut ACB, which cuts off from that plane 
a plane superficies. This plane superficies is less {Axiom 
II.) than the curved surface between it and C. Therefore 
ACB is not the least of the surfaces in question. In the 
same way it may be shewn that no other surface than APB 
is the least. But a least surface exists. Therefore APB 
ia the least surface. 



152. The length of a curve the limit of the length of 
a polygon. Let AB be a normal to any curve, CBc (plane 
or of double curvature) and Ce a chord intersecting the 
normal perpendicularly at D. Draw eBE at right angles 
to AB, and in the same plane the normal ACE, and CF 
"rtoAC. ECF is a right angle ; ,■.£?>«'. 
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Let the arc cBC be of such 
length that its cnvvature is con- 
tinuous; then F and the curve 
are on opposite sides of touching 
planes at all points between C 
and B. I'herefore, by the last 
article but one, 



BF- 



CF>CC, Ijiit i:f>cf; 
.-. BB > BC. 




Arc CB > chord CB > CD (,; 
fortiori). 

By similar triangles, 

BE 1 DC : : AB ; AD, 

As the curvature is loutmuous the i.hoid Cc ultimately 
coincides with the tangent at B when the arc CB is in- 
definitely diminished Hence ultimately AD is equal to 
the finite line AB which is the length of two ultimately 
intersecting normals and therefoie is a ndius of curvature ; 
.■. the limit of the lUio CD EB is 1 Heiico, since the 
arc CB is between CD an 1 BE in magnitude, the limit of 
its ratio to either ot them is I 



,-. limit - 



= 1 ^imilulj lin It ■- 



J h 



I po 

q 

y dn 



f y n nb 



des 
h D 

a a 1 



CoROiXAEY. Let CDc 1)0 the arc of a circle of which A 
i the centre, and the ;mgle BAC = 9=:-7^ according to 



AC 



e circular measure of angles. 

,. . CB ... CB 

.■. 1 = limit -— = limit — 



CD 
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153. BBctification nf cim-ea. If rectangular co-ordiuates, 
(x, y, a) and (ib + i;e, y + Jy, s + iz), deiiiio two poiata in 
a curve, the distance between them is (3a;' + ly^ + 3«-)', 
which is the length of the chord. Hence the length of 
the cucve is the limit of the sum of r^uantities of the form of 
Oar + S/ + 5e=)l. 



./■(■ 



When the curve is plane one co-ordinato may be omitted, 
and the expression for the length of the curve becomes 



./■(-£)'- 



154. The nqjerjkies of a curved surface is the limit of the 
superficies of a ^hjhedron. Let a polyhedron of any number 
of Bides be circumscribed about a curved surfece winch is taken 
of such m^uitade that its curvature is continuous. Then 
all tangent planes of the curved surfeee cut the polyhedron. 
Therefore (Art. 151), it is greater than the cm-ved sui-f^e. 

Within the cuned surface inscribe a similar and similarly 
situated polyhedron. It is clear that planes may be drawn 
through every point of tliis polyhedron, which do not cut 
it, but cut the curved surface. Therefore, by the same 
article, this polyhedron is less than the curved surface. 

Also, in a continuous curved surface, an inscribed plane 
ultimately coincides with a tangent plane when the surface 
subtended is indefinitely diminished. Therefore, the edges 
of the inscribed and circumscribed polygons ultimately coin- 
cide, and the limit of the ratio of the lengths of two homo- 
logous edges is 1 (Ait. IDS). 

Also, their homologous sides, being in the duplicate ratio 
of their homologous edges, have 1 for the limit of their 
iratio. Therefore, the surfaces of the polyhedrons are ulti- 
mately equal. Consequently, the curved surface between 
them is ultimately equal to that of either polyhedron. 

155. Section of a paralUlopiped. Tlie following proposilJon 
will he required in determining the complanation of solids. 
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Let ABCD be the base of a rectangular parallelopiped of 
nhush the sides AaD, aB, be, cCD are cut by the plane 
«6cD, which is a parallelogram. Its area is required. 



In the right-angled triangle aAD, aO- = Aa" + AD- (1 ) 
Similarly, Dc= = DC« + Cc^, (9.) To find the distance ae 
let a perpendicular ce be drawn from e on to Aa. Then 
ae = Aa — Cc, and in the right-angled triangle ace, 
ae^ = ce-- + {Aa - Cef = AC= + (Aa - Ccf 
= AD^ + CD* + (Aa - Ccf, (3.) 
In the triangle aDc, by a trigonometrical formula, 
ac' = aD'> + cD' — aoD . cD cob oDC ; or from (1), (a), (3), 
AD-^ + CD* + (Aa - Cc)' = aA^ + AD^ + DC^ + Cc» 

- a(aA' + AD^)i(Dc' + Cc^)lcosaDC; 
•■. Aa.Cc = («A' + AD^)i (DC* + ■Cc^)lcosaDC ; 
also required area abcD = aI).cD sinaDc, and 
ein'aDc= 1 — coa'^ftDc; .: (abcDf = 

(aA^ + AD')(DC' + Ccn/l Aa^.Cc'' -, 

'\ taA'-l-AD')(DC= + CcOi 
abcD = {aAK DC' + AD' . DO' + AD'^ . Cc=)l. 

168. Complanation of iwrfaces. Let the surface be re 
ferred to rectangular co-ordinates a>, y, z. Also, suppose the 
Bur&ce be cut by several planes parallel to the planes a;^ vk 
Wspectively. Then, by Art. 154, the surface is equal to Hok 
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limit of the snm of the sides of an inscribed polygon, and 
therefore is equal to the limit of the sum of parallelogramB 
inscribed within the surface and bounded by the supposed 
planes. . . 

In the last figure, let AD he parallel to the axis of «; 
AB to that !>i y; A« to that of z ; and let {x, y, s) be the 
co-ordinates of D and DA = Bar; \'a = hy. Also let D, a, 
and h be three-points in a curved surface. Then, if m the 
equation to the surface, when a is increased by %x, and y 
does not increase, z be increased by^^z, Aa^=Sj3. Simi- 
larly if K^ be an increment of », duo to an increment 
ly, 'x not increasing, Cc = S^a. Therefore, by the last 
article, 

ff(-cD = {Kz" . hf- + 8*- ■ ^f + K^' ■ *»")'■ 

Hence the required surface is equal to the limit of the 
sum of terms of the form 

,(• + ¥ + ¥)'""• 

or the surface 

where the parentheses indicate partial differential coefficients. 
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SECTION XIV. 

INTEGRATION OF DISC0NTINU0tI3 FUHCTIONS. 

167. Thb DefinitiooB of Integrals, Arts. 17 and 116, were 
teetricted to iisite coatlnuous fnnetioDs of a finite variable, 
Knd the priaciples of integration were eatablished on the 
toeit assumption that the integrals «ei% finite exact quantitiea. 
and that, couseqaentlj, eaoh function integrated had a, single 
determinate Taloe for each value of its independent tariable. 

If, therefore, a function be discontinuous, or have infinite 
or indeterminate values between the limits assigned for inte- 
gration, or if either of these limits be infinite, the preceding 
definitions do not apply to it. It may be observed, that ttie 
ticcdntdj' of most of the foregoing theorems depends essen- 
tially on their application to finite fonetJons, and is riolflted 
by the violation w this condition. 

16B. Tlie following is an Instance of the errofi that w6uld 
arise from application 
of the theorems of the ^ 

preceding sections in 
neglect of the consider- 
atton of the last para- 
graph. 

Let ^ = 

equation to a curve re- 
ferred to 0«, Oy, as 
rectangular axes. These 
axes are asymptotes of 
the cnrve, which has two similar branches. 

The area included^ by any portion of the curve, the ordi- 
nates at its extremities, and the axis of «, is equal to 
X^dx between corresponding limits (Art. 19), if the func- 
tion integrated be finite and continuous between those limits. 
Therefore, the area 

, pi^dX 

AF<JJ =- ' 

F S 





padX 1 1 
6=1/ — -= — ^ — 
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if OA = a, Ob = b. This value of the area is increased 
indefinitely as b is diminished. We may, therefore, make 
the area APQi as large as we please by taking the point 
b near enough to O. 

If, however, we integrate from a to —a, we find the area 
2 

APy^((=— -, 

if Oa ^ — a. And this result is evidently erroneous, for it 
gives the expression for the area, which ought tc be positive 
(Art. 115), a negative sign, and it makes it equal to a finite 
quantity; whereas it has been proved, that of the area k 
portion may be taken indefinitely large. The error arises 
from integration through an infinite value of the integrated 
function. 

159. The meaning, then, to be assigned to integrals of 
functions which are infinite or discontinuous between the 
limits of integration, is up to this place purely arbitrary; a 
definition of such integrals may, however, be given, which is 
so strictly analogous to the preceding definitions, aa to render 
obvious th^netboda of extending to discontinuous functions 
the principles already demonstrated. 

Definition. If fx become infinite, impossible, or dis- 
continuous for either or both the values «=(!, x = b, but 

not for intermediate values, let / fxdx be defined to be 

the limit of / J.xdx, when 8^ and 6^ are any continu- 

ous quantities which have the limit zero ; a — S^ and S + fij 
being values of x, between a and b. 

More generally, if _fx become infinite, impossible, or 
discontinuous for the finite number of values a, b, c,.,m, 
and for none else, of x between X acd x, let, by analogy 

ivilh Art. 27, / /a: rf^ be defined to be the limit of 



-/: 
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■wheu 8|, 6'i ... are any continuous quantities which have 
the limit zero ; a — S\ and t + 6^ being between « and b, 
b — S'j and c -|- 6j between h and e, ite. 

/■S 
160, Principal rallies of integrals. The value of / /iedx, 

as just defined, may be dependent on the relative magni- 
tudes of the arbitrary quantities fi,, 6', ... If these quantities 
be assumed to be all equal, the integral has then what is 
teinied by M Caucby its principal valve. 

Example — The following is an instance of an integral, 
of which the value, according to the above definition, is 
essentially arbitrary :— 

= limit(^"^+y^''^^) Art.3»,IV. 

= !imitlog,-^ = lo*;, (limit yV (A.rf. 15,) 

a quantity to which any v.^lue whatever may lie a&signed at 
pleasure, by assigning a corresponding relation between tlie 
arbitrary quantities 5,, 8o. 

If in the preceding result 6j = 6 we have the "priuciiial" 
^alue of the integral equal to log^ 1 = I 

in < ondilion that tnteqiah w ij le dftermi \att F^eri 
fun tion whn,W is finite i d (.ontinuous betweei any e\^ct 
limits either continually in(,reaBes or lontinually decreas s 
or alternately increases and decreases an e^ct numlei of 
alternations Take two limits between which it contmuall} 
increases or decreases The integral of the function between 
those limits la {irt 2Sl between its tvro finite quadratures 
and IS therefore a finite quantity It is also determinate 
not arbitrarv fot the on!> arbitrary juantitie^i in the quad 
ratures disappeai from them in the limit \xt 2C ilso 
tho wlole integril between an} finite hmits la the sum cf 
integrals such as that just consideied and of which the 
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number is tliat of the alternations referred to. Therefore, 
the whole integral is an exact quantity. 

If, however, the function to be integrated he not always 
finite and continuous hetween the limits of integration, the 
integral is the limit of the sum of the integrals of (a) in 
the last article but one. If the limit of all of them he 

fwdx (their sum) is fiuite. It is then also 

determinate. For each of the integrals of («) ts detenninate 
according to the last paragraph, and the only arbitrary f[uan- 
tities S|, S'l ... disappear in the limit. 

Hence, when / fxdx is either infinite or indeterminate, 
the integrals in (o) have not all finite limiting values. If those 
which are infinite in the limit he all positive, / fa:dai 
is evidently equal to + co ; if tliey be all negative, to — co. 
Hence, the only case in which / fxdis can be inde- 
terminate or arbitrary, is when more than one of the inte- 
gra)s in [a) are infinite, and have different signs in the limit, 

/X 
fxdx takes the indeterminate form (adding to- 
gether the infinite quantities with like signs) co — oo . 

For instance, in the last example, / — is the limit 

of the sum of two integrals, of which the flrat has the limit- 
ing value + CO, and the second — co. 

162. ITie preceding principles may be illustrated geome- 
trically. First, with respect to finite continuous functions; 
let y be such a function of *, and x, y, the co-ordinates of a 
plane curve which will he unbroken, since the function is 
continuous. Whatever may be the form of the curve, a finite 
area is included by a iinite portion of the axis of as, the 
orJinates at the extremities of that portion, and the aro 
between them. But this area is equal toJ^Jx, taken be- 
tween finite limits. 

Nest, let the function be not always finifo and continuous. 
Then it will be represented by a curve, '/!=_/>, which has 
infinite branches, or breaks, or both. 
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Where there are breaks only, 
as from B to C aod D to F, and " 
not infinite liranches, let a and b 
be tlie values of x at the points 
a and h in the diagram. Then 
the area aABi is evidently equal 

to the limit of / ^dx, a 

finite quantity. Similaily, the 
areaa liouoded by the other parts 
of the curve are expressed by the limits of integrals of the 

form of those in [a). Art, 159 ; and the quantity / fxdx 

in that article represents the whole area of the curve, which 
is equivalent to the sum of the areas of its parts. 

If the curve be of the form 
AB, CD, and have no values of y 
between B6, Cc, the function is 
impossible for the infinite num- 
ber of values of a; greater than 
Ob and less than Oc. Then the 
definition of Art. 1.59, which is 
restricted to functions with a finite 
, number of impossible values, is 
inapplicable. In order to inter- 4 = 

pret geometrically or analytically 

integrals of such functions, another definition would bo re- 
quired, as essentially arbitrary as that just mentioned. 

Next, let the curve have infinite ordiuates y for finite 
values of a. These ordinatea are asymptotes of the curve, 
and the area bounded by the infinite branches of the curve 
may be finite, as in instances given in Arts, 196 and 127. 
If ordiuates ^ be all positive, these areas are positive, 

and their sum is the quantity / fxdx, which is now 
under consideration. If some of the ordiuates be negative, 
the corresponding areas are negative (Art. 135), and the limit 
of some of the integrals in (n), Art. 159, will be negative; 

so that / fasdx. the algebraical sum of the limits of those 



;at / fasdx. the algebraical s 



integrals, will represent the diiference between the total 
s on opposite sides of the axis of «. 
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LasElv, let ihe curve be such as to represent / f.rdx 



I the form 

!, of which the equatii 

is y=-, has two similar 

finite branches ; one oa 

positiv 

tive sides of both 

are asymptotes. Let OA 

~~ " The area 'B.ha 




Lnt«gr(U / - 



-'Xt+x: 



The int«gral / — ^ is the limit 



= limit of (area BfiraA — ai'ea B'6'a'A') as B and B' ap- 
proach O. But the difference between these two is arbitrary, 
for it depends on the ratio of the two arbitrary quantities 
OB, OB'. If we choose to assume OB = OB', the two areas 
BSaA and B'S'is'A' are always equal; their difference is 
then zero, which is, therefore, the "principal" value of the 



integral / — . 



168. Inierjrah with infinite limits. The definitions of 
integrals (Arts. 17 and T59) were restricted to finite limits. 
The extension of the definition to integrals with infinite 
limits, may, by ohvious analogy with preceding cases, be taken 
to be the limit which the integral wilJi finite limits approaches 
when either or both limits are indefinitely increased. 
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164. Multiple integrals of discontinuous functions. Many 
of the pnuciples of this section respecting integrals of one 
independent vauable may be extended to multiple integrals. 

For instance it i\as shewn m \it 118, that the result of 
multiple integration of finito contmuous functions is the 
Kame in whate\ei order the several latogrations be per- 
formed This pniiciple does not hold for functions which for 
particular \alues of the independent -saiiables between the 
limits of integration become mfanite 

For example ,^ ~ ^ if x fir,t approat'h the limit 

and then ^, has the limit cc ; and, if y first approach the 
limit and then x, has the limit — ca . We cannot, there- 
fore, affirm, that 



.f'.-"f>w-4)'' 



J ^^"^'J J ^,,' 

have the same result. 



/( 



^^dy^ 



[ai'-irfj x-->r'f x' -V h-' 

talung the integral between limits, y =^h and y = — 

J X- ■\- t>' h 

taking tiie integral between limits, a; = n and j: = - 
Now reverse the order of integrations. 



/i 



J a' + «■ 



+ f -^ ' + f- f + " 



ii-.-«,.„-ii . 
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lakiiig the integral between the same : 
Hence the two reKiilts differ bj 



a \ti 



Ian ' - ) + 4 tan ' 



165, III order that multiple integrals of discontinuous 
functions may be the subjects of esact investigation, a new 
arbitrary definition is requisite. The following is an obvious 
extension of the definition for discontinuous functions of one 
variable. 

Defikition,— Omit ranges of values of the function be- 
tween arbitrary limits whidi include the discontinuous values. 
Integrate the function for the rest of its values. The limit 
of the result when the ranges of excluded values are as far 
as possible contracted is tlie requii-ed integral. 

IfiC. To illustrate the definition, suppose, fii-st, that there 
are only two independent variables, ic and ^. Consider them 
to bo reetangulai' co-ordinates of a point, of which /(«, _'/), 
or z, is the third rectangular co-ordinate. Then x =/(«, ^) 
is the equation to a surface. Suppose, iiist, * to become 
infinite only when drawn from nn isolated point (a, S), in tlio 
^hur ot T V 

Non ludosB the isolated point hi anj rontoui in tint 
pUiit Then mtegrate foi all values of " dianii It jm points 
in the pHiie of tr / without this contour Tlie itsult is tho 
volume of the solid under the supposed ourface niiwui the 
content cf a tube auiToundmg the infinite ordinate The 
analogy vith the pie eding definition requires that the boie 
of the tube be diminished indefinitely Now the lore n 
contour may dimmish an infinite numbei of l^^.v3 Its 
iltimafe foim may be any curve or a pomt 

Again, all things else lemainmg as before, let z be infinite 
when drawn from any point of name finite curve in the plane 
X, y. Surround this curve by a contour on the same piano. 
The solid, minus the content of the tube, having this contour 
for its bore, is taken as before; but in this case the contour 
necessarily contracts into the assigned curve. 

107. If the function include three independent variables 
X, y, z, we may regard f{x, y, z) as some kind of magnitude 
(a mechanical magnitude, for instance,) which depends on 
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the position of points in space. Then, \vithout aasigniiig a 
meaning for the integral, ne may suppose that the function 
becomes infinite, either at an isolated point, or at all points in 
a certain line, or all in a certain surface, or all in a certain 
solid. In either case, suppose the point or points surrounded 
by a surface. The required integral is the limit of that 
of the remaining solid when the surrounding surface is con- 
tracted to the utmost. When its ultimate form is a surface, 
the equation to it gives one relation between the vaiiable 
limiting values of x, y, s ; when the ultimate form is a 
line, the equations to it give two relations ; when the ul- 
timate form ia a point, three. In the same way with « 
independent variables, it may be conceived that 1, or 2, 
or ii ... or n such relations exi^t. of which, some may he 
arbitrarj'. 

IfiS. The required integral, consequently, may depend 
on arbitrary relations, and itself, therefore, be arbitrary. 
Where, however, the function is such as to he infinite only 
for isolated values of the variables, and is the same in what- 
ever manner the ranges of the excluded values are con- 
tracled, the following method gives the required determinate 

Let a function /"(i", y, x ... e, r) become infinite or dis- 
continuous for ft finite number of values of the independent 
variables of which th(«e of r are a,, a.^, a^, ... «„, and none 
else between R and r. Also, let the required integral 

T{r]dr, by the 

successive integration oi f{z, y ... r), and other functions 
(which have not discontinuous or infinite values until «j, a.„ 
a.j ... be substituted in them for r). Then tlic required 
integral may be considered to be the limit of 

/,+,, "«''■■ +71+^'""'" +/,°;^>«*+- 

+J^ • -Tifjdr, 
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when fl,, 8/ ... are any continuous quantities which have 
the limit :{ero ; a^~&, and a, + 83 being hetween a, and 
%, a„ — 6^' and a^ -\- 8j between a„ and a^, &c. 

16fl. The integral is independent of the order of integration. 
Let s designate the independent variable preceding r in tho 
order of iutegration oi /{a,y ...s, r), so that 

I f (>: s) ds =:: Fr, 

just referred to. The integral is, bj the preceding suppo- 
ition, the limit of 

+y^ ™ "'-^-y^ f('-,«)rf« (t-) 



Let S,, 63 ... 6„ be the values of 3, which c 
(«i, ttj . . . a„ of /, to render the original function discontinuous 
or infinite. It is required to shew that (when i,, f'l ... have 
the limit zero) the limit of 

/, */ l[r,,)dr + /' 'd, f (.■,>)*+... 

/•/,—,' /-R 
+ .A " ™Vr ^^'■■'^'^'' *^'' 

is the same as that of (1), if that be not arbitraiy. 

For brevity, omit all the symbols of integration escept the 
limits. Then indicates the operation of integration of 
f(r, s) between limits S and s. Then, since f(n ») is a 
continuous function, while the value of r is genei'al, 



bv Art. 27. Therefore (X) becomes, supposing tho operation 
written outside each bracket to he performed on all within it : 
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-a+;"- 




■•+::-^:"' 


■ &c. 






-a-^ 


In the same way (9) becomes 




S (B .,+>, ..-1', 


•-::i^:<-- 


.,-.,,11 .,+1, ..-!■, 


••+::-^+:"- 



' (11,) 



8 V[t,-j-di «^ — fl^ *'j"T*^ Ojjf — *^ r J 

It will lie found that the alternate expressionB, hegiuning 
with the first and ending with the last in the { }, corre- 
spond to integrals which are common to (T.) and (II.)' 
Hence, the difference (I.) — (II.) does not contain those 

Of all the remaining integrals, the limits written in the 
{ } indefinitely approach each other when i,, i\ ... 8,, 8'j ... 
approach zero. Hence, the limit of each of these integrals 
is zero. Consequently, as their number is finite, the limit 
of the difference (I.) — (11.) is zero. Therefore, (l)flnd(3) 
have the same limit. This result shews that it is immaterial 
with respect to which independent variable the final inte- 
gration is performed. And, with respect to all the other 
independent variables, the order of integration is proved to 
be independent in Art. 117. 
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SECTION XV. 



170. There are many functions, as has been alreacly 
stated (Art. 40), of which the indefinite integral cannot be 
expressed in finite terms by ordinary algebraical, logarithmic, 
mkI circular fnuctions; where, however, general integrals 
' oauiiot be found, integrals between paiticular limits may be 

frequently determined. For instance, / €~''~ rlx cannot 

be expressed by a finite number of algebraical or trigono- 
metrical functions of a and h ; but 



/: 



us will be presently shewn. 

The subject of definite integration is of great importance 
in difficult mathematical investigations, and it frequently 
happens that the particular limits between which definite 
integrals can be most readily determined, are those to which 
such investigations lead. The scope of this treatise will not 
allow of more than a very brief notice of one or two of the 
most important principles of definite integration. 

171. The second Eiderian hitegral. j (log, — j dz. 

pa 1 

which is equivalent to / x' ^ e 'dx when logs— = *■ 

derives its name from Euler, who first investigated it. It is 
designated by Legendre by the symbol r(?i), where n is 
positive. The integral is evidently a function of n only. 

172. To determine I x" s~"- dx, ivliere n is a positive 
" " ■';.■. P, = ■-«"' e-°'. 
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I a^e-"dx= e""' (»"' «" + or'' .nx"-^ 

+ a-'. ji.»-l. *-- + ... +«-("+". ^.«-l... 2.1), 

When X becomes infinite, ^''e"" has the limiting value 
zero, by evaluation according to the methods of the Diffe- 
rential Calculus ; 

.'. /""^e^e—i/^ = ([-'"+» 1.3. 3. ..51. When n = I. 

C"' 3^T'dx = 1.9.3...K=:r(»i + 1) 

by the last article ; r(2) = l; r(3) = 1.3; r(4)= 1.2.3, fe.; 
r.3=.3^..y = [r(p + I)f. 

173. To investigate I «" e~"'' rf^, u-heii, n Is not an 
integer. Changing n) into aai in the equation 

_/;"«-.-<fa = r(,.), wci.vo 

r--"-"-'-^ (•)■ 

for all positivo values of n. Integrating hy parts, 

fe~'ifdx =— e~'x' + n J'e~"w'-' dx. 

Taking this between limits x-^ us and x ^d, we have 
r(« -|-]) =«rrefor all finite jjostd't-e values of re. Similarly, 

r(« + 9)=(n+i)r(» + i), r(™ + 3) = {«+a)r(™ + a), &c. 

1T4. The first Eiilerutn iiUegral. In (a) Art. 173, write 
p + q for n, and 1 + y for a. Then 



/: 
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The multiple integral may be integrated first with respect 
to y, considering x constant {Art. 117). Tho resulting 
iiitflgra! ia similar to that of («) Art. 173, Hence, the 
multiple integi-al becomes 

J ti x'< 'Jo ^ ' 

Whence from the preceding eiiuation, 

The integral is called the ^rs( Eulerian integral, and is 
designated by the symbol (^ ] g), by Cournot. The pre- 
ceding formula is the fundamental relation between the two 
Eulerian integrals, It is evident from it that 
ip\q) = (q\p)- 



ITS. JJUimate ratios of Eulerian integrals. 


Ill the first En- 


lerian integral put : 
and wheny= os, s 


1+^' 


= e'. Then, when 
so that the limits 


of the : 


integral 


are not 


changed. 


Also 


P 


id the 


integral 


lecomcs 










r-'-i 


r_i).-, 


e^dz 


/•»(6^-l). 


i-^<l^ 





•/;"{''"- 



All the steps by which this result is obtained hold when 
p is indefinitely increased. Then the quantity in the { } 

may be put in the form -, and by evaluation by differentia- 
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the first Euleriari integi-al 


(p \ q) becomes p 


-y; %.-.-.... 


Therefore, Bubstituting in 


the last article for {p 1 


Tp _ 1 


r(/' + «) ,. 


r (^ + j) ,,' 


Tp ^' 



when p is indefinitely iucreased. 

If in the last result we put for g, successively, 1 + « and 
] — n, and multiply together the results so obtained, we have 

_ T{p-\-\ +n).T{p + \- n) 
[r [p + i)]= 
(Art, ITS), when p is indefinitely increased. 

176. Multiplying together a series of the eq^uations at the 
end of Art. 173, jn + 1 in number, and omitting common 
factors, 

_r(. +y+l) 



r(») 
r(f + 1 - 



j>.m-l.» + 2...a+ji>. 
,-. l-«.2-w. 3-H ... p-n. 

writing 1 — » for n, and /) — 1 for j». Multiplying together 
these two equations, we have 

l^—n" . %^—n^ . 3'— «= .../— w= 

r(y + .n-l)r(f.-.n-l) 
„r,r(l-.) 



1—— . 1-^ . 1- 



r(y + « + l)r(y-»+l) 1_ 

l'.2'.3>.../ .r(>.)r(l-») 
r(p + w-f l).r(jo-« + 1) 1_ 

Lr(y + l)J> ■ ,T(n)T{\~,S 
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By Art. 175 tlie first fraction on tlie second side of 
ihis cijuatioii coiivergoa to the value 1 , as ^» is indefinitely 



"■ «r(»)r(i-..)' 

, or r(«)r(l-»)=-A-. 



IIcLico when 






Multiplying (is — 1) of these equations logethei-, and re- 
niembei'iiig that sin — .sin^ — --...sin- t ^ "y^-TT' ^™ 

From / w~^ €~''d.e = '!c^, vo easily find 

/ e-'^ds. = I jtS, putting x" = a). 
177. To investi'jale I <l .v £-" con r a:. Integrating by 
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DEFINITE 


IKTEGKAtS 






115 


/'>"■-'«>' 


. _ ' -.. 


'COS..- 


If'-^- 


si., 


■«(/a^ 


yi„-...in 


_ 1 -. 


^.i„..+ 


i/"- 


■' COS 


rxdx; 


.../.„- 


" COS rx = — 


_„acos5 


•a^-rsii 


nrai 






«' + r' 







f' 



dx e "' sin r; 



These integrals are to be taken between limits a = co and 
a; ^ U. When a ia positive fi»rf i!o( aero, e~°' is zero at the 
former limit, at which also the fractions on the second sides 
of these equations are finite if a and r be not zero, since 
sines and cosinca are finite by their definition. Again, when 
X has the limit 0, e~" =1 ii a he finite; the numerators 
of the fractions become a and )■ respectively, if a and r he 
finite. Hence 



/: 



s: 






""'siuraf = —^ , (1.) 



178. Sine and cosine of an infinite angle. If, in defiance 
of the restrictions with respect to a and r, by which these 
results are obtained, we put « = 0, >■ remaining finite, and 
assume that e~°'' = l, lor all values of x between its 
limits, the results apparently become 

/ dxaasrx = C>; I dxBinx-= - i'i,') 

whence, since 

/ dxcosrx = , / dx sm rx = 

J r J r ' 

it would follow that cos go = and sin oo = 0. 

But it is essential to the evaluation of the original definite 
integral that aa = a', when a; = to ; a condition which re- 
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quires an arbitrary lelatnn beUeen x and a if tlie latter 
liave the limit 0, Mcie ipl the supposed ^ iliie^i of cos co 
and sin co violate the telati n sin" -|- cos = 1 nhich is part 
of the very definition cf sine ind cosine 

The antecedent objection to a&aigning a definite value to 
the sine or cosine of an mhnite angle is ] erfe^tly insuper- 
able ; for, however great a numbei of tiine^ the radius 
describing the angle levolve the sine and cosine will vary 
from 1 to — 1 in the couise of each revolution 

The correct statement to be substituted for equations (3) 
appears to be, that the original definite integrals of e-"cos»-« 

and £-"■■ sin »■«, approach t!ie limits and -respectively, 

when a approaches the limit 0, r rpmainmg iinite 

Since equations (1) are tiue for all iinite positne ■values 
of a and r, let r^'^na where n is anj arbitraiy number. 
Then, the first equation of (1) beLomet. 



s: 



'/ai e~*' cos (n«)*.j 



If it were allo\\ able to put tt = 0, we should have in strict 
ivimlogy with (2), / dx=^ - .-. co = -, any finite arbi- 
trary quantity, — a result which obviously contradicts the 
fundamental principles of the Integral Calculus. 

179. To imeatigate j dx€""'iQ^x. By integration 
by pai'ts twice, it is easily found t)iat 



I'dxe-^'a 



When 3!= GO, e~°' is zero for all positive values of a vet 
zero, and therefore the second side of the preceding equa- 
tion vanishes. When « = 0, tlie same side becomes 



.■.f',-c 
Jo 



-«(,.< +4) 
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180. Differentiation of definite integrals. The differential 
coefficient with respect to c of a definite integral 



/: 



/(■C,c)dj!, 



is found by differentiating under tliey^tlie function /[«, 
Let F be tlie integral, aad SV its increment, duo tio 
increment Se of c ; and let Sf[x, e) be the ( 
increment of /(«, e). 

So J b Be tic J I <ic 



itiijate I (/vr €""'*■ cos 9c3^. The jiri 
i arlici * - - - 



ciple of the last article is remarkably illustrated by this 
integral. Calling it F, 



.)-;!».-=/;■ 



integrating by parts. The quantity in the bracket disappears 
when taken between the assigned limits, for all finite values 
of c, a not being zero ; 



./,■ 



. — =-%ca-Kdc. 



Integrating, log , F = — n'a~^ + a constant, or F = C e-'^" ". 
Equation (1) and all that follow from it are true for all finite 
values of c, positive or negative. Therefore, if in the last 
equation, c having the limiting value U, we have 
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ISTEOIiAL CALCTLfS. 

Z-* e~-' d^. 



putting a-x' = z. Hence, It Art. 176, C —~: 
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APPENDIX. 



OF TAYLOR S THEOHEM. 

Let aaiy function (/) of a single variaUe and its suc- 
cessive difierential coefficients (/', /", &c.) be finite and 
continuous for all values of the variable from a to a + h. 
In the expression 

/(„+,r)_/„_/„.^_/'„^^_..._y~-.^._£^_K^^...(l), 

let R be such a finite quantity not inrohing a, that when 
a, = A the expression =0 It is also zero when j- = 0. 
But a function which la zero for two diffeient values of its 
vaiuhle cannot be alwajs iHLreasing nor ilivays decreasing 
in the interval Heace there is some value (»,) of x be- 
twten and h fot which the difleiential toefflcient of (1) 
(i ( its rate of iiicreaoe) is zeio , or, 

/(«+*-)-/o-/"b.^-/ oj^ -B j_^__^ ... (2), 

is zero when !c = m^; (3) la zero also when z = 0. There- 
fore, as before, there is a mIuo of j; between Wj and 0, 
for which the differenti d cc-fficient of (3) lo 7ero. Con- 
tinuing tlio process to n differentiations ive luve, finally, 
/"((( + a!) — tt = 0, when a! has some lalue between and 7i. 
Let this value bo 6h where 6 is a proper fraction. Then 
R=/"((i + e/i), SubstitutiHg this value of R in (I), and 
putting (1) = when j; = A, 

/(«+;.)=/(«)+/'«.'•+/"• j^3+...+/-('' + "')i^^,' 

which is Lfigrange's Theorem on tho Limits of Taylor's 
Theorem. 
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120 INTEGIiAL CALCULUS. 

If the last terra of this series become zero when n ia 
sufBciently large, 

/(a + h)=fa +f'a.h^ra.^+ ... to convergena, 

which is Taylor's Theorem, 

This demonstration ia a somewhat simplified form of one 
originally published by the Author, in the " Cambridge and 
Dublin Mathematical Journal," vol. vi., p. 80, and reprinted 
in his " Manual of the Differential Calculus," Art. 54. 

2, Taylor's THEoaEM demonsthated bs integration. 
By successive integration by parts, 

+ f i\f\ --lf (" + ^ - ^) <''■ 

Take this result between 2=1 and z=0. The first side 
of tbe equation becomes, by Art. 39. (III.), f{a + li]—fa. 
Then, transferring fa to the second side of the equation 
taken between limits, 



-y;'r£3i/-(»+''-')'"'' 



which expresses the remainder of Taylor's serie 
integral. 
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PBIZE 9IEDAL, UTTEBHATIOHAL EXHIBITION. lS6a 

wai awarded to the Fabliihan of 

" Weale'g Sarieg." 




WE ALE' 

RUDOIEFTAM, SCIENTIFIC, EDUCATIONAL 
AND CLASSICAL SERIES, 



Evi^intvn, Ardiitecli, Builders, Artisans, mid Sliideutt 
generally, as tcell as to those interested in Workmen's 
Libraries, Free lAbraries, Literary and Scientific Insti- 
tutions, Colleges, Schools, Science Cltases, ifc, ofc. 

*.• THE ENTIRE SERIES IE FREELY ILLUSTRATED WHERE 
REQUISITE. 

(The Vilunm contaimd in this list are bound in limp tfcii, emepi 
where otherwiss stated, ) 

AGRICULTURE. 
ee. CLAT LiNDS AND LOAMY SOILS, bj J. Donaldsoa. Is. 

140. SOILS. MANURES, AND CROPS, fay E. Scott Bum. 2.!. 

141. FARMING, AND FARMING ECONOMY, Historical and 

Practical, bj K. Soott Burn. 3s, 

142. CATTLE, SHEEP, AND HORSES, bj R, Scott Bum. 2nM. 
145. MANAGEMENT OF THE DAIKY- PIGS— POULTRY, 

bj- E. Soott Burn. Witb Note* on tlie Dieeaees of Stock. 2.^, 
U(i, UTILISATION OP TOWN SEWAGE— lEEIGATION— 
RECLAMATION OF WASl'B LAND, by E. Soott Bum. 
2s. Grf. 

177. CULTURE OP FRUIT TEEE9, by De Breuil. 187 Wood- 
cuts. 3s, M. {JfoK readjf. 

LOCKWOOD & CO., 7, STiTIONERS" HALL COCKT. 
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2 ARCHITKCTUHAL AND BUILDING WORKS. 

ARCHITECTURE AND BUILDING 

16. ARCHITECTURE, Orders of, by W, H. IcBde. Is. G'7. 1 l" I 

17. — - Stjlos of , bj- T. Talbot Bury. hJkljZ^^^. 

18. Principles of Design, W E. L. Garbott. 2a. 

A-M. 16, 17, n.ui 18 in 1 to;, clofft ioards, Si. M. 

22. BUILDING, tlio Art of, by E. Dobson, Is. fid. 

23. BRICK AND TILE MAKING, bj E. Dobson. 3s. 

25. MASONRY AND ST ONE- CUTTING, by E. Dobson. New 
Edition, with Appendii on the PrfserTotion of Slonc. 2:. 6rf. 

30. DRAINAGE AND SEWAGE OP lOWNS AND BUILD- 
INGS, by Q. D. Dempsey. 2s. 
fnih .\o. 29 (Sec page 4), Orajnnjf ofDisMcfs and Lii«d.\ U. 

35. BLASTING AND QUAKBYESG OF STOHl, Ac, by Field- 

Marsbal Sir J. P. Burgoyne. Is. &i. 

36. DICTIONAEr OP TECHNICAL TEEMS usfd by AroUitecte, 

Builders, Engineers, Surveyors, &c. New Edition, rerised 
and enlarged by Robert Hnnt, F.G.E \lu priim-atiou. 
42. COTTAGE BUILDING, by C. B. Allen. \s. 

44. FOUNDATIONS & CONCRETE WORKS, by Dobson. Is.Cii. 

45. LIMES, CEMENTS, MORTARS, &c., by EiirneU. Is. U. 
57. WARMING AND VENTILATION,byC.Tomlm!on,F.R.S. 3j 
83«». DOOR L0CX3 AND IRON SAFES, by Tomlinson. 2s. U. 
111. ARCHEa, PIERS, AND BUTTRESSES, by W.Bland, \s.M. 
116. ACOUSTICS OF PUBLIC BUILDINGS, byT.R. Sniitli. Is.^d,. 

123. CARPENTRY AND JOINERY, foundol on Eobison and 

Tredgold. Is. Vd. 
123*. ILLUSTRATIVE PLATES to tbe preceding. 4to. 4f. M. 

124. ROOFS FOR PUBLIC AND PRIVATE BUILDINGS, 

founded on Robison, Price, and Tcedgold. Is. 6^. 
]2i'. PLATES OF RECENT IRON ROOFS. 4to. [P.ipriidmg. 

127. ARCniTECTUEAL MODELLING IN PAPER, Practical 

Inatructiona, by T. A. Richardson, Arcbitect. Is. 6d. 

128. VITRUVIUS'S AECHIIECTUKE, by J. Gwilt, Plolcj. 5s. 
130. GRECIAN ARCHITECTURE, Principles of Beauty in, by 

tbe Earl of Aberdeen. Is. 

Nm. 1=8 md 130 in 1 co). doth Itifinh, 7s. 
132. ERECnON OF DWELLING-HOUSES, with Specifications. 

QuantiHea of Materials, &a., by S.H. Brooks, 27 Plates. 2s. M. 
156. QUANTITIES AND MEASUREMENTS, by Beaton. Is. Gd. 
175. BUILDERS' AND CONTRACTORS' PRICE-BOOK, by 

G. R, Burnell. ^s. Gd. {Now rcndij. 

PUBLISHED liY LOCKWOOD ± CO., 
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ARITHMETICAL AND MATHEMATICAL WORKS. 



ARITHMETIC AND MATHEMATICS. 

33. MATHEMATICAL INSTRDMENT3, THEIR CONSTBUC- 
TION, USE, &o., by J. P. Heatier. Original Edition in 
1 TOl. Is. Gd. 

•»• In ordering the above, hi earefid to say " Original Edition," io 
diatingmsh it from the Enlarged Edition in a vols., advertised 

60. LAND AND ENGmEERIHG SURVEriNG, byT. Baiter. 2j. 

61*. READY RECKONER for the Admeasurement and Valuation 
of Land, bj A. Arman. Is. 6i. 

76. GEOMETRY, DESCRIPTIVE, with a Theory of Shadows and 
PerspectisB, and a Deaoription of the Principles and Practioa 
ot Iwmetrical Projection, by J. P. Heather. Is. 

83. COMMERCIAr. BOOK-KEEPING, bj Jamas Haddon. Is. 

84 ARriHMETIO,withntunerou3Eiample3,byJ.R.Young. Is.M. 

84*. KEY TO THE ABOVE, by J. R. Young. \s. U. 

85. EQUATIOHAL ARITHMETIC: including Tables for tlie 

Calculation of Simple Interest, with Logarithms for Compound 
Interest, and Annuities, by W. Hipsley, Is. 
85*. SUPPLEMENT TO THE ABOVE, Is. 

86. ALGEBRA, by J. Haddon. 2*. 

86». KEYANDCOMPANIOiStotheaboTe,byJ.E.roting. Is.U. 
88. THE ELEMEKTS OP EUCLID, with Additional Propositions, 
and Easflj on Logic, by H. L»iT. 2s. 

90. AHALYTICAL GEOMETRY AND CONIC SECTIOKS. by 

J. Hanr. Entirely New Edition, improved and re-written 
by J. R, Young. 2». [Nov> reada, 

91. PLANE TRIGONOMETRY, bv ,T. Hann. \s. 

92. SPHERICAL TRIGONOMETRY, by J. Haan. Is, 

93. MENSURATION, by T. Baiter. Is'.fd. 

U. MATHEMATICAL TABLES, LOGARITHMS, with Tables of 
Nafural Sines, Cosines, and Tangents, by H. Law, C.E, 2s, 6rf. 

101. DIFPERENTIAL OAIXJULUS. by W. S, B, Woolliouae. Is. 
101*. WBlaHTS, MEASURES, AHD MONEYS OF ALL 

NATIONS ; with the Principles which determine the Bate of 
Eiehange. by W, 8. B. Woolhouse. Is. M. 

102. INTEGRAL CALCULUS, RUDIMENTS, by H.Coi,B.A. Is, 

103. INTEGRAL CALCULUS, Eiamplei on, by J. Hann. Is. 

104. DIPFRRENTIAL CALCULUS, Examples, by J. Haddon. Is. 

105. ALGEBRA, GEOMETRY, and TRIGONOMETRY, in Easy 

Mnemonioal Lessons, by the Rev, T, P. Kirkman. Is, Sd. 
117. SUBTERRANEOUS SURVEYING, AND THE MAG- 
NETIC VARIATION OF THE NEEDLE, by T. Penwick, 
with Additions by T. Baier. 2s, 6rf. 

7, STATIONERS' HALL COUBT, LUDGATE HILL. 



y Google 



i CIVIL ENGINEERING WORKS, 

131. READy-RECKONER FOR MILLERS, FAHMERS, AMD 
MEECHAHTS, showing fhe Vaiiie of nnj Quantity of Com, 
with tlie Approiimate Values of Mill-etonea & MiU Work, 1«, 

136. RUDIMENTABT ARITHMETIC, bj J. Haddon, edited br 
A, Arman. Is, 6rf, 

i;i7. KEY TO THE ABOVE, by A, Annan. Is, 6d. 

117. STEPPING SIOSE TO AEITHMETIC,by A.Arniaji, U, 

1-18. KEY TO THE ABOVE, bj A. Armnn. Is. 

1:^. THE SLIDE RULE, AMD HOW TO USE IT. With 
Slide Kale in a pocket of coYOr. 3s, 

168. DEAWIXG AND MEASDRISG INSTRUMENTS, In- 
cluding — Instruments employed in Geometj-ical and Meobii- 
nieal Drawing, the Construction. Copying, tmd Measurement 
of Maps, Flans, ke., by J, F. IlEATnEK, M.A. 1», M, 

[Ifow ready. 

159. OPTICAL INSTRUMENTS, more especially Telescopeg, 

Microscopes, and Apparjtus for producing copies of Mapp 

aud Plans by Photography, by S. F, Heatheh, M,A. Is. Sd. 

{Now read!,. 

170, SURVEYISG AKD ASTRONOMICAL INSTRUMENTS, 
Incliiding^Instruments Used fop Determining the Geome- 
trical Features of a portion of Oroimcl, and in Aitronomical 
Observatioofl, by J. P. Heather, M.A, Is. 6if. [Kowj ready. 
•," The above three vohimes form an enlargement of the Author' t 
original tcork, " Malhsinatieal Instrwiients," the Tenth Editmi 
cftohick {No. S2) is sUll bk sale, price Is. Od. 
PEAOTICAL PLANE GEOMETRY: Giving the Simplest 
Modes of Constructing Figures contained in one Plane, by 
J. F. HBArnEK, M.A, 2s. [Just readi/. 

PROJECTION, Orthographic, Topograpliic, and Pcrapectire: 
giving the Tarioas modes of Delineating Solid Forms bj Con- 
Btructions on a Single Plane Surface, by J. F, Hbatiieh, M.A. 
',* The ahoi-e l!CO volumes, leilh the Author's nor!: alrmdy hi 
the Series, •' Beseriptirt Geomelrtf," wiU forr.i a eimph.le Kk- 
mtntarff Course of Mnlhemnticel limieing. 



CIVIL ENGINEERING. 

)r H, law and G. R. Bm 

39. DRAINAGE OF DISTRICTS AND LANDS, bvG, 
is. Cd. 
Willi Ifo. 30 ISec p'tgt 2], Driiinage ant Sen-age of T™j 

PUBLISHED BY LOCKWOOD J: CO., 
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WOEKS IK PINE ARTS, ETC. 6 

31. WELL-smKma, boring, and pump WOBK, by J. Q. 

Snindell, revised hj Q, R. SurnelL 1>. 
43. TUBULAR AND DSOH GIBDBB BBIDGBB, mcluding the 
Britajmia uid Conw&j Bridges, by G. D. Demme;. la. 6il. 

46. ROAD-MASraG AMD MAINTENANCE OF MACADA- 

MISED ROADS, by P'eld-MarBhalSirJ.P.Burgttjne. U.ei 

47. LIGHTHOUSES, their Construotiou and Dlumination, by Alan 

StATeDson. 3s. 
ii3. RAILWAY CONSTRUCTION, by Sir M. Stephenson. With 

AdditionB by E. Nugent. C.B. 2s. Gd. 
e2». BAILWAT CAPITAL AND DIVIDENDS, with Statistics of 

Working, by B. D. Chattaway. 1(. 

JVo. 62 and 83' m I vol., 8s. W. 

80*. EMBANKIKGLANDSi'EOMTIIESEA.byJ.Wigf^na, 23. 
Sa-*. GAS WORKS, and iho PRACTICE of MANUFACTURING 

and DISTRIBUTING COAL GAS, by S. Hughes. 3s. 
83«w. WATER- WORKS FOR THE SUPPLY OF CITIES AND 

TOWNS, by S. HugliBs, C.E. 3s. 
118. CIVIL ENGINEERING OF NOETH AMEEICA, by D. 

Stevenson. Ss. 
120. HYDKAULIC ENGINEERING, by G. R. BiirneU. 3s. 
131. RIOIES AND TORRENTS, with the Method of Regulating 

their Course and Channels, Nacigabla Canals, &o,, from the 

Italiaa of Paul Friei. 2s. Gd. 



EMIGRATION. 
154. GBNEEAL HINTS TO EMIGRANTS. &. 

157. EMIGRANT'S GUIDE TO NATAL, by R. J. Mann, M.D. 2;. 

159. EMIGRANT'S GUIDE TO NEW SOUTH WALES 

WESTERN AUSTRALIA, SOUTH AUSTRALIA, VIC- 
TORIA, AND QUEENSLAND, by James BaiKl,B.A. 2j.6if. 

160. HMIGEINT'S GUIDE TO TASMANIA AND NEW ZEA- 

LAND, by James Baird, B,A. 2s. [^Seadi/. 



FINE ARTS. 

20. PERSPECnVB, by George Pyne. 2*. 

37. PAINTING; or, A GRAMMAE OF COLOUEIHG, by G. 
Field. 2s. 

40. GLASS STAINING, by Dr. M, A, Gessert, with an Appendix 

on the Art of Enamel Painting, &o. 1*. 

41. PAINTING ON GLASS; from the German of Fromberg. U. 
69. MUSIC, Treatise on, by C. C. Spencer. 29. 

71. THE ART OF PLAYING THE PIANOFORTE, by 0. C. 
Spencer, la. 

7, STATIONERS' HALL COOET, LUDQATE HILL. 
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6 WORKS IN MECHANICS, ETC. 

LEGAL TREATrSES. 

60, LAW OF CONTRACTS FOB WORKS AMD SEKVICE9 
by David Gibbons. Is. 6rf. 

107. THE COUNT? COUKT GUIDE, bj a Barrieter la Cd 

108. METROPOLIS LOCAL MANAGEMENT ACTS Is Z' 
m*. METROPOLIS LOCAL MANAGEMENT AMENBM^T 

ACT, iaij3; with Notes stid Index. Is. 

109. NUISANCES REMOVAL ANJJ I)isE'.^ES PEEVEMTION 

AMENDMENT ACT. Is. 
no. RECIKT lEaiSMTITI ACTS .pplji.g to Co.l«t„„. 
JUprclmnlj, ond iradesmen. Is. 

^^^' "^^^-.^^ °^ EEIEKDLY, PROVIDENT, BUILD IK 9 
AND LOAN SOCIETIES, by N. White Is '^^"''' 

163. THE LAW OP PATENTS i'OB INTENTIONS bv P W 
Campin, Barrister. 2s, - / ■ ' • 



MECHANICS & MECHANICAL ENGINEERING. 

6. MECHANICS, by Charles Tomlinson Is Gd 
12. PNEUMATICS, by Charles TomUneon. New' Edition Is M 
■.Yi. CRANES AND MACHLSERY FOB RAISING HEAVY 

BODIES, the Art ot Construeting, by J, GUvnn. Is 
34. STEAM ENGINE, by Dr. iBcdner. Is. 
09. STEAM BOILERS, their ConWmetion and Manogemenf by 
... , R-Ann^troiiR. With Additions by E. Mallet. Is.M. ' 
U3. AOEICULTURAL ENGINEERING, BUILDINGS MOTIVE 

POWERS, FIELD MACHINES, MACHINERY AND 

IMPLEMENTS, by G. H. Andrewa, C.E. 3s 
07. CLOCKS, WATCHES, AND BELLS, by E B Donison Sew 

Edition, with Appndii. 3s. Gd. 

77*. ECONOMY OP FUEL, by T. S. Pridcab.. is 6rf 
78. STEAM AND LOCOMOTION, by Sewdl. r£m-mib,a 

78*. THE LOCOMOTIVE ENOINE, by G. D. D™y. i" 6^' 
70'. ILLUSTRATIONS TO ABOVE. 4to. 4s. 6rf. ^ \Ln-intim 
80. MARINE ENGINES, AND STEAM VESSELS, AND THE 
SCREW, by Robert Murray, C.E., Engineer Surveyor to the 
Board of Trade. With a Glossary of Teehnical Terms, and 
tJieiP equiTalenta m French, Qermsn, and SiianiBh 3s 
82. WATEE POWEE, as applied to Mills, 4c., b/ J. Glynn. 2s 

97. STATICS AND DYNAMICS. byT.Baker. n/w Edition. Is C,d 

98. MECHANISM AND MAOniKE TOOLS, by T.Baker- ^A 

TOOI^ AND MACHINEEY, by J. Nwrnyth. 2s 6rf 
ll-^*- MEMOIR ON SWORDS. by Marey, trausUteJby MaiweU. Is. 
PUBLISHED BY LOCKWOOD « CO., ~ 
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NAVIGATION AND NAVTICAL WORKS. 7 

114. MAOHINEKy,ConstruetioiiandWorking,bT C.D.Abel. U 6rf 

115. PLATES TO THE ABOVE. 4to. 7i. %d. 

126. COMBUSTIOH OF COAL, AHD THE PEEVEMTIOH OP 
SMOKE, by C. Wye Williama, M.I.C.E. &, 

139. STEAM ENGINE, Mathematical Theory of, byT.Baier. Is. 

1G2. THE BRASSFOUMDEE'S MANUAL, br W.Graham. 25.6.1. 

164. MODERN WORKSHOP PRACTICE. 'ByJ.G.Winton. 3j. 

16o. lEON AND HEAT, Eihibiting the Principlee concerned in 
the Construction of Iron Beams, Pillars, and Bridge Girders, 
and llie Action of Heat in tha Smelting Furnace, by Jaubs 
Aemol^r, O.E, Woodcuts. 2». 6rf. [Wem ready. 

160. POWER IN MOTION; Horsepower, Motion, Toothed Wheel 
GeRring.Xong and Short Driving Bands, Angular Forces, &),, 
bjJAUE3AEH0L'E,CJl. WithTSDiagramB. 2sM. [Kowuadij. 

167. A TREATISE OK THE COKSTRDOTION OP IRON 
BRIDGES, GIRDERS, EOOFS, AND OTHER STRUG- 
TUKES, by E. Campin. Kiinierous Woodcuts. 2s. [Stady. 

171. THE WORKMAN'S MANUAL OF ENGIHEEBING 
DRAWING, by Joim Maxtos, Inalrnctor in Engineering 
Drawing, Royal School of Na™l Architecture & Marine Engi- 
neecing,South Kensington. PlatesADiagrama. 3s. &i. [Smdy. 

173. MINING TOOLS. Fop tlia L'ss of Mine Managers, Agenla, 
Mining Students, ic, by Williau MoKGisB, Lenturer on 
Mining, Bristol School of Mines. 12mo. 2j.6rf. [Noteready. 

172».AILAS OP PLATES to the ahove, containing 200 TUnstra- 
tiona. 4to. 4s. Gd. fJVoiu readi/. 

176. TREATISE ON THE METALLURGY OP IKON ; con- 
taining Outlines of the History of Iron Manufacture, Methods 
of Assay, and Analysis of Iron Ores, Processes of Manufaetiure 
of Iron and Steel, &c„ by H, Bacermab, F.G.S., A.R.S.M. 
Second Edition, revisedaiid enlarged. Woodcuts. 4s.Prf. fjlcadv. 
CO ALAND COAL MINING,bjW.W.Snijtt.|;jH^re^i;™(™. 



NAVIGATION AND SHIP-BUILDrNG. 

61. NATAL ARCmTECTURE, by J. Peake. 3s. 

S3*. SHIPS POK OCEAN AND RIVER SERVICE, Construction 

of, by Captaif. H. A, Sonimerfeldt. Is. 
e3»*, ATLAS OP 15 PLATES TO THE ABOVE, Drawn for 

Practice. 4to. 7s, M. \Eepiiiiiin/ 

54. MASTING, MAST-MAKING, and RIGGING OP faHIPS, 

by E. Kipping. Is. 6rf. 
64*. IRON SHtP-BUILDING, by J. Grantham. Fifth Edition, 

with Sunplemcnt. 4s. 
54". ATLAS OF 40 PLATES to illustrate the preceding. 4to. 38a. 

;-, STATIONERS' HALL COURT, LUDGATE HILL. 
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SCIENTIFIC WORKS. 



55. NAVI0ATI0:T ; the Sailor's Sua Book : How to Keep the Lc)y 

and Work it oS, Law of Storms, &c,, by J. Greenwood. 2s. 
83 bis. SHIPS AMD BOATS, Form of, by W. Bland. Is. 6rf. 
99. NAUTICAL Agl'RONOMY AND NAVI0ATION, fay J. E. 

Young. 2s. 
100*. NAViaATION TABLES, for Ose with tlie abore. Is. Gd. 
106. SHIPS' ANCHORS for all SERVICES, by G. ColaeU. Is. %d. 
149. SAILS AND SAIL-MAKING, by R. Kipping. N.A. 2s. f<d. 
I&5. ENGINEER'S GUIUB TO THE ROYAL AND MEE- 

CANTILE NAVIES, by a Practical Engineer. Eeyised by 

D. P. McCarthy. 3s. 

PHYSICAL AND CHEMICAL SCIENCE. 

1. CHEMISTRY, bj Pcof. Pownes. With Appendi. on Agri- 

oullura! ChemVBtfy. New Edition, with Indei. \s. 
'J. NATURAL PHILOSOPHY, by aarles Tomlinson. Is. 

3. GEOLOQY, by Mttior-Gen. Portlock. New Edition, is. M. 

4, MINERALOGY, by A. Ramsay, ian. 3s. 

7. ELECTRICITY, bj Sir W. 8. Harris. Is. U. 

7*. GALVANISM, ANIILU, AND VOLTAIC ELECTRICITY, 

by Sir W. S. Harris. Is. 6rf. 
& MAGNETISM, by Sir W. S. Han-ia. New Edition, Krised and 

enlarged by H. M. Noad, Ph.D., P.R.S. With 165 woodcuts. 

3s. 6d. [Tkh day. 

U. HISTORY AND PROGRESS OP THE EIECTEIC TELE- 
GRAPH, by Robert Sabme, C.E.. F.S-4. 3j. 
72. RECENT AND FOSSIL SHELLS (A Manual of lie MoUuaea), 

by S. P. Woodward. With Appendix Iw Ralph Tate, P.G.S. 

fis. 6d. ; in clotli boards, 7s. 0^. Appendix separately, U. 
79»*. PHOTOGRAPHY, the Stereoscope. &c., (com the French 

of D. Van Monekhoion, by W. H. Thomthwaile. Is. fid. 
9G. ASTBONOMY, by the Her. R. Main. New and Enlargsd 

Edition, with an Appendix on " Spectrum Analysis." le. %d. 
1X5. METALLURGY OF COPPER, by Dr. R. H. Laoiborn. 2;. 

134. METALLURGY OP SILVER AND LEAD, by Lamborn. 2s. 

135. ELECTRO -METALLURGY, by A. Watt. 2s. 

138. HANDBOOK OP THE TELEGRAPH, by R. Bond. New 

and enlarged Edition. U. M. 
14.'!. EXPERIMENTAL ESSAYS— On the Motion of Camphor 

and Modern Theory ot Dew, by C. Tomlinson. la. 
lf.l. QUESTIONS ON MAGNETISM, ELECTRICITY, AND 

PRAGTICAIi TELEGRAPHY, by W. McGre^gor. Is. Sd. 
17". PHYSICAL GEOLOGY (partly based on Porllook's " Kudi- 

mcntsof Geology"), by Ralph Tate, A.L.S.,ie. 3*. [JVoio re^idi/ 
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EDUCATIOKAL WORKS. 



MISCELLANEOUS TREATISES. 
12. DOMESTIC MEDIOmE, by Dr. Ralph Gooding. 2s. 
I12». THE MANABEMEKT OF HEALTH, bj James Baird. !s. 
113. "UaB OF FIELD AETILLEBY ON SERVICE, bj TauberC, 

translated by Lieut.-Col. H. H. Maiwell, U. Gd. 
150. LOGIC, PURB AND APPLIED, bv 9, H. Emmena. Is. 6.;, 

152. PRACTICAL HINTS FOB INTESTrao MONEY: with 

an EiplanatJon oE the Mode of Transacting BusineBB on the ■ 
Btook Eichflnge, by Prancie Plajtord, Sworn Broker. Is. 

153. LOCEB ON THE CONDUCT OP THE HDMiN UNDEE- -. 

STANDING, Selections from, by S. H. Emmeii!. 2;. 



NEW SERIES OF EDUCATIONAL WORKS. 

1. ENGLAND, History of, by W. D. Hamilton, Bs. ; cloth boards, 
6s. (Also in 6 parte, price Is. each.) 

5. GREECE, History of, by W. D. Hamilton and E. Levied, M.A. 
2s. 6d. ; cloth boards, Ss. Sd. 

7. ROME, History of, by E. Lerien. 2s. 6rf. ; cloth boards, 3s. 6(?. 

9. CHRONOLOGY OF HISTORY, ART, LITERATURE, 
and Progress, from the Creation of the World to tho Con- 
clusion of the Franco-German War. The continuation by 
W. D. Hamilton, P.S.A. Ss. cloth limp ; Ss. Gd. cloth boards. 

11, ENGLISH GRAMMAR, by Hyde Clarke, D.C.L. Is, 

11«. HANDBOOK OF COMPARATIVE PHILOLOGY, by Hyde 
Clarke. D.C.L. Is. 

12. ENGLISH DICTIONARY, contabing above 100,000 words, 

by Hyde Clarke, D.C.L. 3s. 6rf. ; cloth boards. 4>. Gd. 
, with Grammar. Cloth bds. 6s. 6rf. 



- Vol. 2, English-Greek. 2s. 



- Vol. 2. EngUsh— Lotin. 
in 1 vol. Ss.Gd.; cloth I 

, with Grammai 

24. PRBNCH GRAMMAR, by G. L. Strauss, 

r, STATIONEBS' HALL COURT, LUDOATE HILL. 
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A SJLBOT'O FEOM WEAJIS SE 



C L rmirT n^ 

th B H jiE BA ut, tod 

TEGRAL LC L Em h By ^ 

Jaueb Hann, late of King s LolLne, Lu H rT\ii\ 



is 

£^^4 DIFFERENTIAL CALCULUS, Elements of tlie. By ^y'^^ 
5 W. S. B. WooLHOTJSB, r.K.A.S., &o. le. -^-^Z 



^,^1% W. a B. WooLHOTJSB, r.K.A.S., &o. le. 

^1^/? DIFFERENTIAL CALCULUS, Examples and Solu- '^^^ 

*'J^ tione in tliB. By James Haddos, M.A. Is. ^ICC^- 

■'r-^ GEOMETRY, ALGEBRA, and TRIGONOMETRY, |=f^ 

■/^3^ in Easy MnPmonical LesBODS. By the Kev. Thomas Penvsgios ^k^ 

aA;:?IA Kuikman, M.A. 1b. Gd. ^^ 

§^ MILLER'S, MEBCHAXrS, AND FARMEKS f^^ 
' ^S^flr SECKONER, for ascertaining at sight the value of Ti^c; 
„- ^ any quantity of Com, from one Bushel to one hundred CtuarterB, ^J)^ 
■'^*tS at any given price, from £1 to £5 per quarter. Together with the *^S. 
'^£+ approximate values of MiLlston(« and MiUwork,&c. Is. Xf3f 

^>J, iRITHMETIC, Rndiinentarj', for the use of Schools f^^i^ 

-,-X *^ aud Self-Instruction. By JAJita Haudo.i, M.A. Eevised by -^^Z^S. 

■ ^.f* AmiAHAM Abmas. Is. 6d. ■T^i'^-- 

:^'^ ^ jCSF to Rudimentary Arithmatic. By A. Aeman. Is. 6d, ^^»V 

^T^ iRITHMETIC, SteprinR- Stone to; being a complete "^;t 

'' Stri i-durae of Exercises in the First Four Eules (Simple and Com- j^^j: 

^^*4 ^^dj.onancntii-Jynewprineiple For the Useof Elementary lu^ 

W^X Schools of every Grade. Intended as an lutroduot.ou ta the f^^ 

t^%. more extended works on Arithmetic. By Asu-uiAa Auuas. Is. r-^^ 

'■IF^ ^ .EBl- to Stepping-Stone to Arithmetic ByA.AiiMAN. Is. y^^ 

0M. THE SLIDE RULE, AND HOW TO USE IT; fe^ 

■^S !^ contfdning fall, easy, and simple instructions to perform ftU Busi- *^ 5L 

•^^£1 „ess Calculations with unexampled rapidity and acour«x,y. By ^^^ 

-y^jiSt Chakles HoAKK, O.B. WithaShdeitulemtuokofoover. 3a. ^^^ 

t,'^'^ STATICS AND DYNAMICS, tho Principles and Prac- ^o,^ 
feS'r? tlee of ; with those of Liquids and Gases, By T, Bakiiu. C.L. ^-^ 
pS& Se^nd Edition, revised hy B. NfOEKT, C.B. Many lllustiu- j^j/j 

Fi '^■""- '"''• ^^ 

j^^i^ LOCKWOOD & CO., T, STATIOBEKS' HALL CODKT, E.C. ^^■^-: 



y Google 



